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Abstract

Finite-factor term-structure models assign no independent risk to exposures between their
factors, although desks treat them as risks of their own. The cylindrical term-structure
model of [13] gives each maturity an independent shock, but specifies real-world dynamics,
leaving the link to arbitrage pricing open. This paper settles that question for every finite
truncation of the deformation at fixed spread intensity, and then restores the stochastic
spread in two conventions. The key observation is that the deformation’s damped sine
modes are imaginary parts of complex exponentials, so the smallest shift-invariant family
containing them is a doubled sine—cosine envelope whose added coordinates carry no noise.
On this envelope, whether the factor drift is arbitrage-free reduces to one polynomial
divisibility, which the model’s maturity diffusion fails on every mode. Because the failure
sits in the noiseless coordinates, no change of measure removes it. No such truncation admits
an equivalent martingale measure; for generic maturities an explicit arbitrage uses one bond
more than there are modes; and the defect grows with resolution. Giving those coordinates
noise of their own turns the impossibility into a market price of risk that diverges with
resolution. Adjoining those coordinates, keeping the model’s noise and correcting only
the drift makes every truncation arbitrage-free. The required convexity has an exact limit
under refinement, with a short-end jump resolved in a boundary layer at the resolution
scale. Bond-level volatilities converge, but forward-curve distributions do not: within this
construction, maturity-local noise, no-arbitrage at every resolution and a curve-valued limit
cannot coexist. The short-end value survives the stochastic spread. It is conserved at every
vol-of-vol in the uncorrelated affine convention, and recovered at zero vol-of-vol in the bilinear
quadratic-Gaussian convention under a recovery normalization, where each truncation has
an exact existence criterion. The consistency test and the arbitrage construction extend
beyond this model.
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1 Introduction

A finite-factor term-structure model assigns no independent risk to exposures that fall between
its factors. For a symmetric butterfly, the modelled exposure is only the second difference of
smooth factor loadings, so it vanishes quadratically as the wings are brought in towards the
centre maturity. Desks nevertheless hedge and charge for the position as though it carried local
risk of its own. In practice, this gap is managed rather than eliminated. Factor truncation,
tenor buckets, proxy hedges, convexity overlays and basis-risk reserves make a finite production
system workable. They are operational accommodations: they do not specify how the residual
maturity risk should enter a common dynamic pricing model.

Turning that residual-risk problem into a production pricing model requires answers to two
separate questions. Finite implementation asks what a finite truncation preserves and what
depends on its maturity resolution. Pricing consistency asks whether deterministic maturity
roll-down and the Heath—Jarrow—Morton (HJM) convexity drift remain inside the volatility
span, so that the truncation admits an equivalent local martingale measure. The first question
concerns representation; the second concerns no-arbitrage.

The cylindrical method [13] addresses the risk representation first: one innovation is assigned
to each maturity, rather than imposing smooth interpolation across neighbouring tenors. Write
0 € [0, 6*] for time to maturity up to the maximum modelled maturity 6*. The forward curve
is carried by a deformation field X,

ft(H) =7+ St [Y(Q) + Xt(H)],

with r; a short rate, s; a scalar stochastic spread and Y a deterministic shape, and X solves
the second-order stochastic evolution equation

dX; = [39 + gag] Xy dt 4 09 dB, Xi(0) = X;(67) = 0.

Here 0y transports the curve as calendar time passes, E(")g diffuses shocks along the maturity axis
at scale . The noise B is a cylindrical Brownian motion on H = L2([0, 6*], ¢2/%d#) of intensity
09: one independent innovation per maturity, which is the whole point of the construction. The
Dirichlet realisation of that generator has orthonormal eigenbasis

2, 2
en(0) = /2/0* e 0/ sin wy, 0, Wy, = %, Ay, = 14_2%,

with eigenvalues —\,,, so the coordinates z,, = (X4, e,) g are independent Ornstein—Uhlenbeck
processes reverting at rate A,. Each e, is a damped sine of maturity frequency w, and common
damping scale k. Equivalently, it is the imaginary part of a complex exponential with exponent
—1/Kk + iwy: the real sine—cosine pair carries the conjugate pair, and forward rates and bond
prices remain real. These shapes belong to the class associated with finite-dimensional arbitrage-
free realisations [6, 19]. The dynamics, however, are specified under the real-world probability
measure P, while the link to the risk-neutral pricing measure Q is left open. With the spread
held fixed, the link cannot be supplied as written: no finite sine truncation of the deformation
admits an equivalent local martingale measure with its own volatility. That is the problem
solved first; §6 then restores the stochastic spread.

We call X the cylindrical deformation field and the displayed specification the source model.
Ungqualified, “the model” means the source model. In §§3-5, where the spread is held fixed, it



means that model’s deformation sector, truncated to its first N sine modes. “The completion”
means the arbitrage-free construction of §5; each stochastic-spread family is named by the
assumption and convention that defines it.

What makes the question answerable. To carry the analysis past the point at which
the link to Q was left open we start from the standard route: consistency is decided on
finite-dimensional shift-invariant families of curve shapes [6, 7, 19], in the invariant-manifold
form of [21]. Here that route is compulsory rather than convenient. Under cylindrical noise
the forward rate at a fixed maturity is not a semimartingale (§3), so the drift condition cannot
be posed maturity by maturity at all. On the curve the comparison is not merely hard but
ill-posed; finite-dimensional invariant subspaces are where the question can be made rigorous.

The route is blocked at its first step. It asks for a shift-invariant family, and the model
has none. Its N sine modes span no invariant space, so there is nothing for the realisation
machinery to act on — which is where the matter had rested.

The block dissolves once the spectrum is read as complex. Each mode e=%/% sinw,6 is the
imaginary part of e(=1/+wwn)f A conjugate pair admits no one-dimensional real invariant
subspace, so the smallest invariant space containing one mode is two-dimensional. The model’s
span therefore completes to the 2/N-dimensional sine—cosine envelope, and it is on that envelope
— not on the model’s own state space — that the comparison can be made. This is the step the
rest of the paper rests on, and it pays twice over. It supplies the invariant family the standard
route was asking for. And the coordinates it adjoins carry no noise, while the missing rotation
wy, acts precisely on them: what would have looked, on the model’s own span, like a correctable
disagreement about drift is revealed as an obstruction that no change of measure can remove.
Complexification is the mechanism here, not a change of notation.

The remaining steps follow from the envelope. On it the deformation and the arbitrage-free
transport both act by matrices, so the comparison of drifts becomes algebra. A generator
with symbol p induces the factor drift p(M) " where no-arbitrage requires M, and the two
agree exactly when mps | p — z: the comparison is settled by one polynomial divisibility, and
the convexity that HIM adds is carried by the deterministic sector. The envelope is also
an ordinary finite-dimensional family, so the obstruction can be repaired rather than merely
reported. Keeping the model’s loadings and its noise and correcting only the drift turns every
truncation into an arbitrage-free model, and the refinement limit of those models fixes the
resulting convexity exactly.

What this paper establishes. The deformation generator dp+ %092 has symbol p(z) = z+%zz,
so the symbol test fails on every decaying or oscillatory block; inside the weighted state space
the tolerated class is the constants alone (§4). The doubling has a second consequence. The
adjoined cosine partners violate the Dirichlet conditions, so the envelope leaves the domain of
the closed generator (Proposition 4.1); the comparison is therefore a tangency statement about
the formal symbol, which is precisely why no formulation inside the original domain is available.
For the sine truncations at fixed intensity the failure is exact and measure-invariant at every
order. No such truncation admits an equivalent local martingale measure (Remark 4.4); the
witness construction exhibits the failure as a bond arbitrage (Theorem 4.6); and the obstruction
modulus shows the unreachable part of the drift to be extensive rather than washed out by
refinement (Proposition 4.8). For the infinite model the repairing shift fails the Girsanov
finite-energy condition (Proposition 4.10), and the fully infinite bond-market statement is posed
as open. When the silent coordinates are given noise of their own (§4.7), the impossibility



becomes a price: every truncation then admits an equivalent measure, at a Sharpe cost growing
like N3/2, and the infinite factor laws are mutually singular (Proposition 4.11). Pointwise rates
are not semimartingales (§3), so the finite-dimensional route is the rigorous one. The minimal
completion has exact first-span interior limit ¢ = %36*27/ ¥ a boundary layer on the scale
0* /N with first-layer profile peak 1.455 x 03 /2, and a short-end jump o3 /2 that is the drift cost
of that completion. No curve-valued limit exists (Proposition 5.4). In the uncorrelated case,
the cost survives the CIR-intensity extension at every vol-of-vol and the quadratic-Gaussian
one on its n = 0 slice. For CIR intensity, the infinite-span surrogate exists precisely when
A > nag\/T/Q (86.1); and the quadratic-Gaussian bilinear channel, under a stated recovery
normalization, has an exact finite-\N existence criterion (Proposition 6.16).

In the table below, N is the number of retained maturity modes and 6* /N is their maturity-
resolution scale. For each fixed IV, the original truncation and its completion are ordinary
finite-factor bond markets; refinement in N measures sensitivity to maturity resolution.

Issue Common Maturity-local method Resolution in this paper
operational patch

Finite Variance-ranked One innovation per maturity For every NN, an ordinary finite
implementation factors, tenor buckets restores local risk before HJM completion; an exact
and local convexity truncation, but the first-span convexity limit and
overlays. These make a cylindrical state itself is 0* /N boundary layer; and
finite system usable, infinite-rank and cannot be non-tight curve laws under
but leave resolution as evolved exactly by a refinement (Theorem 5.2,
an economically production system. Proposition 5.4).
meaningful modelling
choice.
Pricing Proxy hedges in nearby The real sine modes capture An exact range obstruction; a
consistency bonds, bucketed greeks, maturity-local shocks under generic (N + 1)-bond arbitrage
and basis-risk reserves P, while deterministic witness; an extensive stationary
and limits. They roll-down generates missing defect; and a completion that
manage residual P&L, cosine directions outside the adjoins the roll-down states and
but do not themselves original shock span. required HJM convexity
impose a joint (Theorem 4.3, Theorem 4.6,
martingale measure. Proposition 4.8).

These columns answer different questions. Operational patches manage portfolios in a
finite system; the maturity-local method supplies a richer statistical risk field; the completion
determines whether each finite truncation can price bonds without arbitrage and quantifies the
cost of doing so.

Once a volatility and the minimal envelope have been selected, HJM consistency determines
the drift uniquely within that completion. That drift is the cost quantified below; the premium
a market attaches to the original unspanned risk is a separate question, which no-arbitrage
alone does not settle.

Methodological contributions: four tools. The paper is organised so that four of its
results can be lifted out of the instance that motivates them.

(i) A symbol test for consistency (Theorem 4.3(a)). The criterion is not tied to this
instance. For any constant-coefficient generator with symbol p and any shift-invariant block
with generating matrix M, the arbitrage-free drift is carried if and only if my; | p — z. For
diagonalisable M this says that the symbol must fix the block’s spectrum pointwise, which is
the form in which it is usually easiest to apply.



(i) A constructive arbitrage witness (Theorem 4.6, Remark 4.7). From a state-linear drift
discrepancy lying outside the volatility range, an explicit self-financing admissible arbitrage in
N + 1 fixed-maturity bonds, on an open dense set of maturity tuples. The construction needs
only analytic loadings, a Girsanov-unreachable discrepancy, and a nondegenerate state — and
it exhibits the portfolio, where the fundamental theorem of asset pricing gives only existence.

(i1i) A quantitative obstruction modulus (Proposition 4.8). The quotient distance from the
discrepancy to the volatility range, with its exact stationary law: not whether a model violates
no-arbitrage but by how much, and whether refinement attenuates the violation. Asking that
question is not new: it is what the Hansen—Jagannathan distance asks in stochastic-discount-
factor space [24]. This modulus is a narrower, model-internal object — a quotient distance
in declared factor coordinates whose stationary law is exact. In that normalization it is a
diagnostic, not a price.

(iv) Minimal completion as a repair, with a recoverable cost (§5, §§6.1-6.5). The repair
above, stated as a method rather than a computation: faced with a model that fails no-arbitrage,
complete its state to the minimal shift-invariant hull, correct only the drift, and read the cost
off the refinement limit instead of recording the failure and stopping. Repairing rather than
discarding an inconsistent curve family is the move of the affine arbitrage-free Nelson—Siegel
class [9], which keeps the Nelson—Siegel loadings and restores consistency through an explicit
yield-adjustment term. What differs here is that the family is forced rather than given — the
minimal hull of a state space possessing none — and that the cost is read off a refinement limit
rather than at a fixed factor count. With the sine-only noise kept, the same short-end coefficient
reappears in the uncorrelated affine convention at every vol-of-vol and in the bilinear convention
on its zero-vol-of-vol slice. Across completions the cost can move: isotropic loading doubles
the jump and smoothed cutoffs alter the overshoot (Remark 5.3(iii)). The positive-vol-of-vol
bilinear case is not established.

Related work. The drift restriction is [25] in the parametrisation of [36]. Which curve
families admit finite-dimensional arbitrage-free realisations was settled by Bjork—Christensen,
Bjork—Svensson and Filipovié [6, 7, 19, 20], with the invariant-manifold formulation in [21].
That classification is indifferent to whether the generating spectrum is real, and this paper takes
up the half of it that term-structure practice has left unused. On a complex block the invariant
family is two-dimensional, so a model built from sine modes alone is not merely inconvenient
but incomplete; the coordinate its completion adjoins is where the obstruction turns out to live.
Where the classification gives a condition to be verified family by family, Theorem 4.3(a) gives
a decision procedure for the factor drift: one divisibility of polynomials.

Random-field term structures with smooth spatial covariance [33, 22, 39] carry a drift
condition written in terms of the covariance kernel. Cylindrical noise is the singular limit of that
family: the kernel degenerates to a delta and the kernel-level drift condition is no longer available.
Theorem 5.2 supplies what replaces it, and Remark 5.3(i) shows the resulting convexity to be
exactly the half-delta that heuristic predicts — now with a boundary layer, a rate, and an
exact constant. The analytic background for infinite-dimensional formulations is [8, 15], and
the pointwise regularity of §3 transcribes stochastic-heat-equation results [41, 40]. The use
made of them here is one those results are not usually asked to support: the pointwise drift
condition is unavailable, so the finite-dimensional route is forced rather than chosen. Against
the long-end constraint [16, 27], Proposition 5.5 separates the two effects: complexification
neither causes nor cures the classical pathology.

The equivalence—singularity dichotomy of §4.7 rests on a classical engine: Kakutani’s theorem



for product measures [30] and, for Gaussian evolution equations, the criteria of Huebner and
Rozovskii [28] (surveyed in [11]), under which the laws generated by two drift operators are
equivalent or mutually singular according to the order of the operators’ difference. What is
new is the financial reading. The invariant that decides the dichotomy is a market-price-of-risk
energy, and the model sits on the singular side by a margin that grows like the cube of the
truncation order. This bears on a question raised by [3], who study parabolic perturbations
of the Musiela equation with the model in view and ask for the amount of arbitrage such a
perturbation introduces to be quantified. Their metric is the pricing error of the perturbed
curve; the defect energy of §4.7 is a complementary one, and on the envelope it answers as
follows: every nonzero parabolic coefficient makes the infinite-envelope energy infinite, while
every fixed finite truncation remains equivalent after tilting, at a Sharpe cost that grows with
the truncation order. The heat-modulated model of [32] moves the Laplacian out of the drift and
into the covariance process precisely in order to stay inside the HJM class; Proposition 4.11(c)
shows that a nonzero second-order term cannot remain in the factor drift while preserving
equivalence to the arbitrage-free infinite-envelope factor law.

The affine and quadratic—Gaussian classes of §§6.1-6.5 are [18, 14] and [2, 34, 10], where
solvability of the loading Riccati over the maturity range of interest is typically assumed. Here
it is decided: for the affine surrogate by the exponential-moment criterion of [4] (Theorem 6.5),
and for the quadratic-Gaussian channel at every fixed truncation by a conjugate-point criterion
(Proposition 6.16), whose consequences uniform in N are developed in the companion manuscript
[42]. That finitely many factors need not span fixed-income risk is an established empirical
theme [12, 26], and [17] bounds which spectral statements are testable under P. The framework
of [35] is the natural one in which to relax deterministic factor volatility, and Markovian lifts of
rough volatility [1] generate the same quasi-exponential structure on a different curve.

Set against that background, what this paper contributes begins at a single observation:
the coordinate the doubled envelope adjoins is silent, and the obstruction lives precisely there.
The decision procedure, the bond witness and the modulus are what that observation makes
usable; the exact completion limit with its boundary layer (Theorem 5.2), and the failure of
the repaired family to converge as a curve model (Proposition 5.4), are what it costs. We have
not found the finite-portfolio construction elsewhere.

Organization. §2 assembles the yardstick: the state space and curve dynamics, the drift
restriction with proof, the quasi-exponential classification, and the consistent affine realisations.
§3 states the model and closes the pointwise route: under cylindrical noise, forward rates are not
semimartingales, so the comparison is conducted on finite-dimensional invariant subspaces. §4
conducts it at three levels — the symbol test in factor coordinates, the bond-market witness, and
the obstruction modulus — asks what survives in the infinite model, and prices the obstruction
once the silent coordinates are loaded. §5 builds the completion, computes its singular limit
and its drift cost, shows that no curve-valued limit exists, and disposes of the long end. §6
restores the stochastic spread in its two conventions, affine and bilinear, and shows that the
short-end cost survives it — at every vol-of-vol in the affine convention, on the zero-vol-of-vol
slice in the bilinear one. §7 concludes: it answers the two questions above, gives the financial
reading of the answers, and states what remains open.

Companion material. The boundary theory of the quadratic-Gaussian existence region is
developed separately in [42]. The fixed-N criterion and the principal financial conclusions proved
here are self-contained; the uniform-in-/N positive-vol-of-vol region quoted after Proposition 6.16



is a result of the companion manuscript.

Scope relative to the source model. The source construction models real-world dynamics,
states that the arbitrage link is future work, and truncates the maturity domain at finite 6.
explicitly to avoid the § — oo pathologies of Dybvig-Ingersoll-Ross type [13]. Nothing here
identifies an error in that statistical construction; the question is what it costs to turn the
method into a model under @, and the answer has exact structure.

Al-use disclosure. The authors used Anthropic Claude Code and OpenAl Codex as interactive
research and writing tools. They assisted with exploratory discussion, testing and refinement
of ideas, literature and source organization, code development and verification, mathematical
error checking, and editorial revision.

2 The arbitrage-free class

The introduction posed the question and wrote down the model; before the model can be
measured, the standard has to be fixed. This section assembles that yardstick. Four ingredients
are fixed once and used everywhere: the state space and the curve dynamics; the no-arbitrage
drift restriction, with proof; the classification of curve shapes compatible with finite-dimensional
arbitrage-free realisations; and the characterisation of the consistent realisations themselves.
Nothing here is specific to the cylindrical model. A reader who has the HJM drift condition
and the quasi-exponential class at hand may skim to §3.

2.1 State space and curve dynamics

Everything is set on one Hilbert space of curves, chosen so that maturity roll-down is a strongly
continuous semigroup and evaluation at a maturity is continuous.

State space and shift semigroup. Fix a weight w : Ry — [1,00), nondecreasing, with
fooo w13 < 00, and let H,, be the Filipovié¢ space [19] of absolutely continuous h : Ry — R
with -
I1All%, = |R(0)]? +/ [P ()P w(r) dr < o0
0

H,, is a separable Hilbert space of continuous curves; point evaluations are continuous; the
shift semigroup (Sih)(7) := h(7 + t) is strongly continuous on H,, with generator J, on its
natural domain. Membership of a quasi-exponential is an additional integrability requirement,
not a consequence of Re A < 0: a term p(T)e)‘T belongs to H,, precisely when its derivative
is square-integrable against w. In particular constants belong to H,,, whereas undamped
oscillations and nonconstant polynomials do not (because w > 1). Finitely many strictly
damped modes belong to H,, whenever w is chosen to grow slowly enough relative to their
damping; this includes the model’s modes, for example with w(7) = €?” and 0 < a < 2/k. The
model’s curves live on [0, 6*]; its eigenmodes extend uniquely to R, by their quasi-exponential
expressions, and all comparisons below are made on these extensions. The role of the Dirichlet
boundary conditions is treated separately in Proposition 4.1.

Whenever an envelope or completion is read as an H,,-valued curve model, we also impose
the damping-compatible condition

Cy = / e 2T/ Rw(T) dr < o0, (1)
0

7



which the exponential weight above satisfies. The condition is used only where loading blocks
are embedded as curves in H,,; statements made in factor coordinates, and the product-law
statements of §4.7, stand without it.

HJMM dynamics. Under a measure Q carrying a d-dimensional Brownian motion W, the
forward curve r; € H,, follows the Heath—Jarrow—Morton—Musiela dynamics

d?"t = (87-7‘t + Olt) dt + Ot th, (2)

interpreted in the mild sense r; = Stro—i—fg St_s0ug ds+fg Si—s0sdWg,. Here a: QxR xRy — R
and o is row-vector valued; both are jointly measurable, adapted and locally integrable in the
appropriate norms. (See [19, 15] for the existence theory; none of the delicate cases arise for
the affine models used here, whose solutions are explicit.)

2.2 The drift condition, with proof

The restriction below is the Heath—Jarrow—Morton no-arbitrage condition [25] in the Musiela
parametrisation [36]; we record it with proof because every later statement is an instance of it.

Lemma 2.1 (HJM drift restriction). Let bond prices be P(t,T) = exp(— fo du) and

let the savings account be By = exp(f0 7s( )ds). Suppose r solves (2) and that, on every
bounded maturity triangle, the integrability conditions for stochastic Fubini and Ité’s formula
hold. Assume also that, for Q ® dt-a.e. (w,t), the maturity maps T +— ay(1) and T — oy(T) are
locally integrable, so their maturity integrals are absolutely continuous. Then P(-,T)/B is a
local Q-martingale for every T if and only if

(1) = oy(7) /OT Jt(u)Tdu for a.e. 7, Q ® dt-a.e. (3)

Under the physical measure P the same computation gives oy (1) = o¢(T (fo o¢(u) " du +%) with
v the market price of risk, which is the form quoted in [15], Eq (2); a proof is included for
completeness.
Proof Work in the HJM parametrisation f(t,T) = ri(T — t), so that df (t,T) = o' (t,T) dt +
ofl(t, T)dW, with o (¢, T) = oy (T —t), o'i(t, ) = at(T t); the 0; term in (2) is absorbed
t,T)

by the reparametrisation. Let Y; := log P(t, f T ,u) du. By stochastic Fubini,

T
dY; = f(t,1) dt —/ df (t, u) du = (rt(()) . A(t,T))dt —X(t,T)dW,,

with A(¢t,T) = f H(t,u)du and X(t,T) = fT ot (t,u) du. Tt6 on P = eY¥:
dP(t,T)
P(t,T)
The discounted bond is a local martingale iff the drift equals r¢(0), i.e. A(t,T) = 3|S(¢,T)? for
all T. Differentiating in T gives o!l(t,T) = " (¢, T)S(¢,T) ", which is (3) in Musiela coordinates

7 =T —t. Reversing the steps gives the converse. Under P, replace “local martingale” by
“local martingale after the Girsanov tilt dW@ = dWF + ~, dt.” O

= (ri(0) = A(LT) + §[5(8, T)2) dt — (¢, T) AW,

The condition is on the drift given the volatility; the volatility itself — and in particular its
spectrum in the sense of §2.3 — is unconstrained. The rest of the paper exploits this division
of labour.



2.3 Quasi-exponential structure

In Musiela coordinates, calendar time rolls every factor loading down the maturity axis. A
finite-state term-structure model is closed only when that roll-down remains inside the chosen
loading span. This is the financial meaning of shift invariance.

Definition 2.2. QE := {3, p;(7)e*™ : p; € C[r], \; € C}, real elements understood as those
equal to their conjugates.

Theorem 2.3 (Finite-dimensional shift-invariant subspaces). Let V C C'(Ry,R) be finite-
dimensional with 0,V C 'V (elements are then automatically C* ). Let M be the matriz of O;|y
in a basis B = (by,...,b,)", i.c. B' = MB. Then:

(a) B(1) = eM™B(0), and every v € V satisfies the constant-coefficient ODE (0, )v = 0,
where xps is the characteristic polynomial of M ; hence V. C QE with exponents spec M
and polynomial degrees bounded by the sizes of the Jordan blocks. Conversely a finite-
dimensional quasi-exponential space is shift-invariant when, for each exponent A, it
contains complete downward-closed Jordan chains {e*,7e ... 7™ "1 ) (and the
conjugate chains in the real case). An arbitrary subspace of QE need not be shift-invariant.

(b) (Real form.) R™ decomposes into M -invariant blocks on which M is either a real Jordan

block or, for a nonreal pair p+iw, a real Jordan block with diagonal 2 X2 cells C = (_”w ﬁ)
and identity super-cells. On a semisimple complex cell,
Cr _ ur _ [ cos¢  sing
=R, R = (000, (@)

so the basis pair is e’ (coswT, sinwT): exponential decay times rotation — precession.

(¢) (Integration.) I(t) := [] B(u)du = ([, ™" du)B(0), where on the invertible part
of M, fOTeM”du = M~ (eM™ — 1), and on the nilpotent part (M = N, N™ = 0),
fOT eVt dy, = 2”:_01 %N’“. In particular QE is closed under fOT, at the price of raising
polynomial degree on the kernel of M.

(d) (Products.) p1eM™ - ppe’?™ = p1po 22T 50 QE is closed under multiplication, with
exponent set closed under addition.

Part (a) is the algebraic core of the Bjork—Christensen consistency classification [6, 19], and (d)
underlies the exponent-doubling phenomenon in strict finite-dimensional realisations [7].

Proof. (a) B’ = MB is a linear constant-coefficient system, so B(7) = ¢7B(0); entries of
eMT are quasi-exponentials by the Jordan form. By Cayley-Hamilton, x,7(9;) annihilates
every component of B, hence every element of V'; the solution space of x/(9;)v = 0 is exactly
the stated quasi-exponential space. Conversely, differentiation maps each complete chain
into itself because 9, (7%e*) = (k7%= + A7¥)e*™; downward closure is essential (for example,
span{7e~ "} is not invariant). (b) Standard real Jordan theory. For (4): 1 and J commute and
J? = -1, 50 €7 = eMe“7/ | and splitting the series of e“™ into even and odd powers gives
cos(wt)1 + sin(w)J = R(wt). (c) Termwise integration of the exponential series; the two
displayed cases are the semisimple-invertible and nilpotent extremes and combine by primary
decomposition and direct sum. (d) Immediate. O



Lemma 2.4 (Spanning = controllability). span{B(7) : 7 > 0} = span{M*B(0) : k > 0}
(the Krylov space of the pair (M,B(0))). Hence the curve family spans R™ iff (M,B(0)) is
controllable; otherwise the model reduces to the Krylov subspace, which is the minimal realisation.

Proof. T+ B(7) is analytic; its span equals the span of all derivatives at 0, which is the Krylov
space, an M-invariant subspace containing B(0) and contained in any such. O

Remark 2.5 (Complex spectrum is not an extension). Theorem 2.3 makes the conceptual point
of this whole program precise: the class forced by shift-invariance has exponents ranging over
C with no further restriction. Real-eigenvalue bases (Nelson—Siegel [37], Svensson, exponential
factor models) are the real slice; the precession blocks (4) are the rest of a class that was always
inside the arbitrage-free theory. The eigenmodes, being Im e(=1/5+%wn)f yp to normalisation, sit
in the complex slice. Complex spectrum is only a compact representation of real sine—cosine
factor pairs; it does not make rates or security values complex-valued.

2.4 Arbitrage-free affine realisations

The class has now been described by the shapes it admits and the drift it requires; what remains
is to say which finite-dimensional models belong to it. The following standing assumption fixes
the realisations against which the model will be measured.

Assumption 2.6. The curve is 7¢(7) = ¢:(7) + B(7)"'X; with B, X; € R", where ¢ is
deterministic, ¢ + ¢, is C! into H,, and t + ¢ is continuous into D(8;,) equipped with its
graph norm. Moreover B’ = MB with (M, B(0)) controllable (Lemma 2.4). The factors follow
dX; = KX, dt + X dW; with a d-dimensional Brownian motion and a deterministic, locally
continuous ¥; € R™%; write C; := ;3. The realisation is required to be consistent: (3)
holds for every initial factor state Xy = z € R", so the drift identity is an identity in (z,7), not
merely a property of one realised path. (For the infinite-dimensional analytic background to
this finite-dimensional setting, see [8, 15].)

Proposition 2.7 (Characterisation). Under Assumption 2.6, the model is consistent — (3)
holds for every initial state — if and only if

K=M" and o1(1) = OL(T) + qu(7), q(7) == B(T)Tct I(7), (5)

with 1 as in Theorem 2.3(c); when M is invertible, ¢;(7) = B(1)TC;M~1(B(7) — B(0)). The
transport equation for ¢ has the explicit solution

o) =l + )+ [ ar+ =) ds (6)
Proof. Volatility matching in (2) gives o4(7) = B(7) " %, whence
ou(r) = B(r) S0 [ STB(w)du = B(r)TCA(T) = (7).
The model’s actual drift is ¢;(7) + B(7) T KX;, while (2) requires

Orri(7) + au(7) = ¢4(7) + B(7) M "Xy + (1),
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using 0,(B'X) = (MB)'X = B" M "X. Now equate the two for every initial state and all
7. (At t = 0 the state is Xo = x; at t > 0 one has X; = Kty + fot eK(t_s)Zs dW , with ef?
invertible, so for each fixed noise path X; still sweeps all of R™ as x does. Consistency therefore
makes the identity hold for every x € R™.) The X-linear parts give B(7) " (K —~M ") = 0 for all 7,
hence K = M " by Lemma 2.4; the deterministic parts give the transport equation. For (6), set
gi(z) := pi(x —1t); then ¢ (x) = ¢ — ¢} = q(x —t), integrate, and substitute back. Note ¢; must
be deterministic for ¢ to absorb it, which is where deterministic Y; enters; a state-dependent X
exits the class (cf. [35] for the framework; §6.1 constructs the affine relaxation). O

Remark 2.8 (Support versus consistency; a counterexample). The quantifier in Proposition 2.7
matters. If (3) is required only along the realised process, the X-linear identity is tested only
on the support of Xy, and controllability of (M,B(0)) does not make that support full. Take

B(7) = <:_27> , M =diag(-1,-2), Y= (g) , K =diag(-1,7), Xo=0.

Then Xo; = 0, so BTKX = B'TX along the support although K # MT; taking q(7) =
02(e”™ —e727) and ¢ the solution (6) of ¢ = ¢} + ¢, the pathwise drift condition holds. There
are three ways to make the identification K = M rigorous. One may require consistency
for every initial state, as in Proposition 2.7 and in the standard finite-dimensional-realisation
formulation [6, 19]; one may assume the controllability Gramian of (K, Y) is positive definite,
which gives full support at every t > 0; or one may state the conclusion only on the reachable
subspace. All completions constructed in this paper also satisfy the second condition: per block,
{E-column, K¥-column} spans whenever w, # 0, so for them the pathwise and consistent
formulations coincide at positive times.

Remark 2.9 (HoLee benchmark). n=1,b=1, M =0, ¥; = 0: then I(7) = 7, q(7) = 0?7,
and (6) gives ¢;(7) = @o(T + 1) + o2 fJ(T +t—s)ds = @o(T+1t)+0?(tr+ %), which is precisely
the Ho—Lee forward curve f(t,T) = f(0,T) + 0?t(T — ) + cW; in Musiela coordinates. The
zero eigenvalue illustrates Theorem 2.3(c): integration on ker M raises polynomial degree,
and the convexity accumulates quadratically in the deterministic sector. This is an algebraic
sanity check on a compact maturity interval (or in a larger state space), not an instance of
Assumption 2.6 on the present infinite-horizon H,,. Although b = 1 € H,,, the convexity
q(7) = o7 and the resulting nonconstant polynomial deterministic sector are not in H,,.

Remark 2.10 (P versus Q; essentially affine prices of risk). (5) constrains the Q-drift. Under P,
dX; = (M "Xy 4 Sy) dt + X dWE.

If v is constant (completely affine), the P- and Q-drift matrices coincide, although their
deterministic drift intercepts may differ, and every spectral statement below applies to historical
dynamics as well. If v, = v9 + I'1 X; (essentially affine, empirically the relevant case [17]), then

Kf =M" +%,I.

When ¥; = ¥ is constant this is a fixed matrix K¥ = M " 4+ XI'y, and the tests below restrict
the distortion XI'; (and I'y only to the extent that it is identified through ¥). This matters
because the source model is estimated under P [13].
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Remark 2.11 (Strict realisations and exponent doubling). If one additionally demands that
¢y itself stay in a finite-dimensional family (a strict finite-dimensional realisation in the sense
of [7]), then by Theorem 2.3(d) the family must contain the products entering ¢: exponents
close under addition. For complex pairs —\; & iw; this generates beat frequencies w;j % wy,
at decay \j + Ap: convexity lives at sums and differences of the basis frequencies. Because
integration also introduces a zero-exponent term, g can retain the original exponents as well as
their pairwise sums. On the model’s lattice w, = nm/0* the beat frequencies remain on the
lattice, although their decay exponents need not coincide with those of the original loadings.
This is a small structural felicity of the equally spaced spectrum.

The yardstick is assembled: the shapes the class admits, the drift it requires, and the
realisations that satisfy both. What remains is to place the model against it.

3 The cylindrical SPDE, rigorously

The model enters here, and so does the reason the comparison cannot be made pointwise: under
cylindrical noise the field is too rough for the drift condition to be posed maturity-by-maturity.
This section makes both statements exact — the model well-posed, the pointwise route closed
— which is what forces the diagnosis onto finite-dimensional invariant subspaces, where the next
section conducts it.

3.1 Model and spectral data

Throughout, 8* > 0, kK > 0 and g9 > 0; these standing assumptions are used from here on
without further mention. They are load-bearing rather than cosmetic. With x < 0 the sign of
every A, reverses and (7) becomes a backward heat equation; with o9 = 0 there is no noise,
and both the variance bound of Proposition 3.3(a) and the nondegeneracy step of Theorem 4.6
use gg > 0.

On [0, 0*] (after translating €mi, to 0), the deformation field solves

dX, = [ag + gaﬂ Xpdt +o9dBr,  Xi(0) = X,(0%) =0, (7)
\_V,v_/
=:A

where B is a cylindrical Brownian motion on H = L?([0,6*],e2/%d): a family of centred
Gaussian random functionals with E[B;(¢)Bs(¢)] = (t A s){¢,¥) g [15]. Two objects must be
kept apart throughout: the formal differential expression A= 8y + %83, which acts on any
smooth function, and its closed realization A in H on the Dirichlet domain D(A) = {h € H? :
h(0) = h(0*) = 0}, which generates the semigroup and the mild solution. The distinction is not
pedantry — it is exactly where the model’s difficulty lives, since the shift-invariant envelope of
§4 leaves D(A) while remaining inside the domain of A. The closed operator A has orthonormal
eigenbasis

nmw 1

: —0/k 2 2
Ae, = —A\pen, en(0) = \/%sm(wn@)e / , Wn = o A = %(1 + K wn), (8)
and coordinates x,(t) = (X3, e,) g are independent OU processes dz,, = — A,z dt + oo dW}".
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Proposition 3.1 (Symbol). For z € C, Ae®® = p(z)e*? with p(z) = z+ 822, This is an identity
for the formal expression: apart from the sine combinations selected below, these characters are
not in D(A). The map z — p(z) is real-valued exactly on RU{Rez = —1/k}; on the critical
line —% +iw it takes the value —\(w) = —%. The closed Dirichlet operator has the real
spectrum spec(A) = {—\,, : n > 1}. For each operator eigenvalue —\,, the spatial characteristic
equation p(z) = — M\, has the conjugate roots —1/k £ iw,. These characteristic exponents lie on
the critical line, the axis of symmetry of the parabola p; equivalently, they form the spectrum of

the maturity-generator block M, introduced in Proposition 4.1.

Proof. Termwise, Ae®® = (z + %,22)6’20 = p(z)e??. For the reality locus write z = a + iy:
Imp(z) =y + § - 22y = y(1 + wx), which vanishes iff y = 0 or = —1/k. Centering on the
critical line, z = —% + w gives

ploxtw) = —prw+§(E -2 e?) = gl

even in w: the line is the parabola’s axis of symmetry. At w = iw the value is —% = —\(w),
and p(z) = —\, becomes gw2 = —gw%, i.e. w = *iwy: the conjugate pair —% =+ twy. The

Dirichlet conditions select from each root pair the combination Im e(=/5+)0  ¢=0/% gin @
vanishing at 0, and vanishing at * quantises w to w,, = n7/6* — which is (8). O

This is the reason the eigenfunctions are damped sines with a common damping rate. The
imaginary part of p vanishes on the critical line, so both members of each conjugate pair —
sine and cosine alike — are formal eigenfunctions of A with the same real eigenvalue; only the
sine combination satisfies the Dirichlet conditions and so lies in D(A). That observation does
the heavy lifting in §4.

3.2 Well-posedness under cylindrical noise

Before the model can be compared with anything it has to exist as a function-valued process,
and under cylindrical noise that is not automatic. The operator that secures it is the one that
will later break the drift condition.

Proposition 3.2 (Function-valued solutions). For deterministic Xo € H, the mild solution
t
X = etAXo + O'()/ elt=9)4 dBs
0

of (7) is a well-defined H-valued Gaussian process with a continuous modification, and the
stationary variance Var Xo0(0) = 03> 63&622 s finite pointwise and in H. The second-order
term is essential: with the shift generator alone, the semigroup is not Hilbert—Schmidt-improving
and the stochastic convolution with cylindrical noise has no H-valued version [15]. (This is
a different operator, not the singular substitution k = 0 in the eigenfunctions (8).) For an
arbitrary H-valued initial condition independent of the future noise, the same existence and

path-continuity conclusions hold, but the solution need not be Gaussian.

sA AnS

Proof. Diagonalise. From (8), e en, 5o the semigroup is Hilbert—Schmidt on H for

every s > 0, with [le*4|fg =3, e
sy 1-e?t 1 -
/ ||€ ||Hsd5:ZTS72)\n < Q.
0 n " n
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By the theory of linear equations with additive noise [15, Ch. 5], the stochastic convolution
is therefore a well-defined centred H-valued Gaussian process with trace-class covariance
Q: = ag >on #en ® ep; adding et4 X gives the mild solution. It has a continuous
H-valued modification by the factorization method [15, §5.3]: for 0 < a < i,

T
/ 572l e5A g ds < T(1 — 20) 3 (20)2! < ox,
0

n

since A, < n? and 2(2a—1) < —1 — the same exponent i that resurfaces as the temporal Holder
threshold in Proposition 3.3(b). In coordinates the solution is the OU family below (8); the
stationary variances 02/(2),) are summable, and supy e,(0)? < 2/6* makes 03 Y, €,(0)2/(2\,)
converge uniformly on [0, 6*]: the stationary field exists pointwise and in H.

For the pure shift, drop the diffusion term. The generator dy (a first-order operator
admits one endpoint condition; take the one at 6*) generates the killed shift (T5¢)(0) =
B0 + 5)1{pys<pry. In H = L2(e?/7dD) its adjoint is (T7¢)(0) = e /(0 — 5)1(ps4), SO
T,T7 is multiplication by 6_25/51[0,9*_51, a strictly positive multiple of a projection with
infinite-dimensional range. Hence ||T||}g = tr(T517) = oo for every s < *: no smoothing,
no Hilbert—Schmidt improvement. The would-be covariance of the stochastic convolution is
multiplication by g:(6) = 08%(1 — 6*2(“\(9**9))/’*), which is bounded below on sets of positive
measure. A multiplication operator with such a multiplier has infinite trace, since its quadratic
form dominates a positive multiple of an infinite-rank projection. No H-valued Gaussian vector
has this covariance, so the convolution admits no H-valued version [15, Ch. 5]: transported
without smoothing, cylindrical noise stays cylindrical. O

2

So the local-deformation operator gag is what makes “one source of randomness per maturity
mathematically possible at all. The same operator will turn out to be exactly what breaks the
drift condition (Theorem 4.3); that is the precise form of the tension in [13].

3.3 Pointwise regularity: forward rates are not semimartingales

Existence in H does not make individual forward rates tractable. The next result closes the
pointwise route: at a fixed maturity the rate is too rough for the drift condition of Lemma 2.1 to
be posed at all, which is what sends the comparison onto finite-dimensional invariant subspaces.

Proposition 3.3. Let X solve (7) either from its stationary law or from a deterministic Xy € H,
and fix 0 € (0,0%). In the stationary case let I = [0,T], while in the deterministic-initial case
let I =[ty,tx+T] C (0,00). Then:

(a) uniformly for t,t+h € I and sufficiently small h > 0, there are 0 < co; < Cp1 < 00 such
that
697]\/5 < Var(Xt+h(0) — Xt(g)) < 097[\/5;

(b) t — X(0) has a modification that is locally Hélder of every order < 3 on I;

(¢) along the uniform partitions of I into m subintervals, the quadratic-variation sums Qum,
satisfy EQ., =< /m — oo and, for all sufficiently large m,

P(Qm > crv/m) > 1—12

14



for some ¢y > 0. Hence (Qn,) is not tight and cannot converge in probability to a finite
limit; in particular, t — X4(0) is not a semimartingale.

Cf. [41, 40] for the analogous statements for the stochastic heat equation, including the finiteness
of the quartic variation, of which (a)—(c) are the drift-augmented transcription.

Proof. (a) Var(Xy4s(0) — X¢(0)) = 02>, Ay (1 — e ") e, (0)2 by the OU covariances. With
en(0)? = & sin?(wy,0)e=2/% < Z and A, < n?, split at n, = [h=1/2]: the sum is <3 h +
Donsn, N2 X Vvh. For the lower bound, sin?(nwf/6*) has positive lower density bounded

n<Nx

away from zero (for irrational 6/6* by Weyl equidistribution with mean 3; for rational p/q the
values are g-periodic and vanish only when ¢ | n), so a positive-density subsequence contributes
> Vh. (b) Gaussianity plus (a) gives E| Xy, — X;|? < C,hP/? and Kolmogorov’s criterion
yields Holder < 1. (c) EQ,, = Z.Var(AiX) = m - +/T/m = v/Tm. For jointly Gaussian
increments, Var Qp, =23, ; Cov(A;, Aj) 2 <2(Y, Var Ai)z = 2(EQm)?, so EQ?, < 3(EQ)?

2
and Paley—Zygmund gives P(Qm > %EQm) > (]fgg?i > % A continuous semimartingale has
Q. converging in probability to its finite quadratic variation and hence has a tight sequence of

quadratic-variation sums. Here, for every R < oo and all sufficiently large m,

P(Qm > B) > P (Qn > }EQn) > 1o,

because EQ,, — co. Thus (Q,,) is not tight, a contradiction.
Deterministic initial data. Write X; = etAXo + Z; with Z the stochastic convolution, which
for t > 0 is defined pointwise (e*4 is analytic, so !4 Xy is smooth and deterministic). Only Z

72/\nt)

2
is random, and its modal variances are v, (t) = ;TO(l —e , giving the exact increment law
n

2

VaI'(Zt+h( Z en |: 1 — eiAn ) —+ K(l — 672)‘nh):| )

The second bracket alone reproduces the two-sided v estimate of (a), uniformly for ¢t € I,
2
by the same split at n, = [h~'/2]. The first is nonnegative and bounded by ;Ton(l — e )2

which the same split bounds by O(\/H) Thus the preceding Gaussian argument applies to Z
on every I = [t,,t, +T] C (0,00): if QZ denotes its quadratic-variation sum, then EQZ, =< \/m

and .
VA
(0 o0k = .

Put D; := (!4 X()(6). Analytic smoothing makes D continuously differentiable with bounded
derivative on I, and therefore its quadratic-variation sum satisfies

T?
D 2 112 ~1
Q. = E A;D)* < sup |Dg|” =O0(m™ 7).

Regarding the increment vectors as elements of R™, the triangle inequality gives
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Consequently, on the preceding Paley-Zygmund event and for all sufficiently large m, QX >
%Qfl 2 y/m. Moreover, since the increments of Z are centred and D is deterministic,

EQ, = EQr, + Qp < Vm.

This proves (b)—(c) for deterministic initial data without requiring a pointwise value of Xy at
time zero. O

Remark 3.4 (Where the drift condition can live). Proposition 3.3 means the pointwise HJM
computation of Lemma 2.1 is not even well-posed for (7): individual forward rates are not
It processes. Pairings (X, ¢) with ¢ € D(A*) are semimartingales (weak formulation). On
the finite maturity interval the bond integral X — [J'X(0)df is a bounded functional on
H = L*([0,6*], e*?/%d0), with H-representer 6*29/”1[0,14 (0). This representer is not in D(A*):
under the unitary conjugacy of Proposition 4.10 it becomes e~/ "1(0,,], Which jumps at u and so
is not even H'. That alone does not decide the question that matters — whether traded-bond
processes are semimartingales under the fully infinite cylindrical dynamics — which remains
open (Proposition 4.10 and the discussion closing §4). The requirement is not special to this
model: a state space in which bond prices are to be It6 processes must either make the maturity
functionals that define them semimartingale pairings or carry the traded coordinates explicitly.
That is the division of labour between the two spaces used here: the arbitrage-free class of §2
lives in H,,, where point evaluation is continuous, while the SPDE itself is posed in H. At every
finite truncation the bond processes are ordinary It6 semimartingales, and Theorem 4.6 below
constructs an explicit finite-bond witness. The random-field literature [33, 22, 39] handles this
with spatially correlated noise, for which a drift condition in terms of the covariance kernel
exists; white-in-maturity noise is exactly the singular case. The rigorous route is therefore the
one taken in §§4-5: diagnose and repair on finite-dimensional invariant subspaces, then control
the limit — where the singularity resurfaces in a precisely quantified form (Theorem 5.2).

4 The obstruction: symbol, witness, and magnitude

The comparison between the class of §2 and the model of §3 now runs at three increasing
levels of concreteness. In factor coordinates, a symbol computation identifies exactly which
dynamics the class tolerates and shows that none of the model’s blocks is among them. In
traded securities, the failure becomes an explicit arbitrage portfolio (§4.4). In magnitude, a
normalized quotient shows that refinement does not attenuate it (§4.5). §4.6 asks what survives
in the infinite model, and §4.7 what changes when the silent coordinates are given noise of their
own: the impossibility becomes a price.

4.1 The invariant envelope doubles

The comparison needs a shift-invariant family, and the model’s sine modes do not form one.
The first step is therefore to find the smallest invariant space that contains them.

Proposition 4.1 (Envelope doubling). Let

V, = span{efa/” sin wy b, e 9/5 cos wpb}.
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Then V,, is the minimal Og-invariant subspace containing e,, with generating matrix

_ _1/’€ Wn B 1 . B 1 9
M, = (_wn —1/%) , spec M,, = {_E j:zwn}, det M,, = = + w;. (9)

Consequently the minimal shift-invariant envelope of the N-mode truncation is

span{ej,...,eny} — @ Vi,
n<N

of dimension 2N. The cosine partners violate the Dirichlet conditions (cos-modes are nonzero
at 0 = 0), which is why the model’s state space itself is not shift-invariant.

Economically, the cosine partner is not an additional source of randomness. It is the
deterministic roll-down direction generated as a sine loading ages; omitting it prevents the
finite state from representing maturity transport.

Proof. Differentiating the pair of characters,

By 01" sinwpd) — —1/k  wn sin wy, 0
cos wy,0 —wp  —1/k) \cosw,f)’
which is (9). V,, is 2-dimensional and invariant; no 1-dimensional invariant subspace contains
en because a 1-dimensional invariant subspace is spanned by a real eigenvector of M,,, and

spec M,, "R = (). Distinct n give linearly independent trigonometric characters after dividing
by the common exponential, so the envelopes sum directly. ]

The envelope is the object on which the comparison is made from here on. That it leaves the
Dirichlet domain is the first thing the next subsection has to settle.

4.2 The generator comparison is exact on the envelope

The domain distinction of §3 decides which object the comparison is about. The cosine partners
adjoined in Proposition 4.1 violate the Dirichlet conditions and do not belong to D(A); on
the envelope the relevant operator is therefore the formal expression A = 9y + g@g, acting
on the analytic (quasi-exponential) extensions. The obstruction proved here is therefore a
tangency/symbol statement, in the spirit of the invariant-manifold calculus of [21]: the formal
symbol acts one way on the invariant envelope and no-arbitrage transport demands another.
It concerns the formal expression, not an invariant subspace of the closed Dirichlet operator.
The sine truncation itself is invariant under A; its minimal shift-invariant envelope leaves D(A)
(Proposition 4.1), and the completions built on that envelope are finite-dimensional models in
their own right.

Proposition 4.2 (Induced factor drifts: the symbol of a curve dynamics). Let V' be any
finite-dimensional shift-invariant space with basis B, B’ = MB, and consider curve dynamics
d(BTX,) = (GBTX,)dt + (noise) driven by a generator G leaving V invariant.

(a) (Any constant-coefficient generator.) Let G = ZZ:O ardy with symbol p(z) = ZZ:O a2,
Then V is G-invariant and the induced factor drift matriz is

K% =p(M)" =p(MT).
The deformation generator of this paper is the case G = A=08+ %892 (the model’s formal

expression, per the caveat above), with p(z) = z + %zQ.
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(b) If G = O, with the affine inhomogeneity of (2) (arbitrage-free), the required factor drift is
KNA = MT (Proposition 2.7).

(c) On the model’s blocks (9), p(My) = —An12 exactly, consistent with Proposition 3.1: the
symbol is real on the critical line, so A acts isotropically there — decay A, no rotation.

Proof. (a) B’ = MB iterates to B®) = M*B, so GB = Y, a;B*) = p(M)B; in particular
V is G-invariant. For a curve BTz, G(B'z) = (p(M)B) "2 = BT (p(M) " z), and since the
components of B are a basis, coordinate representations are unique: the curve drift G BT X, is
carried by the factor drift matrix K9t = p(M)T, which equals p(M ) because transposition
fixes polynomials in a single matrix. (b) is Proposition 2.7: under the arbitrage-free dynamics
the affine inhomogeneity is absorbed by ¢, and the factor block of 9, is M'. (c) With
M, = —11 +w,J and J? = —1, Mz = (i —w%)l — %T"J, SO

K K2

K

P(My) = My + §M7 = (= 4+ 5 (% —o?) )1+ (wa = § - 22)J = =Ml

the J-part cancels identically — the algebraic form of “real symbol on the critical line” (Propo-
sition 3.1): decay Ay, no rotation. O

Theorem 4.3 (The symbol test; the exact obstruction). With the notation of Proposition 4.2,
let V be a shift-invariant block with generating matriz M and let the curve dynamics have
symbol p.

(a) (The test, for any symbol.) The dynamics carries the arbitrage-free factor drift on V. —
that is, K9 = KNA — if and only if

ma(2) | p(z) — 2

where mpy s the minimal polynomial of M. When M is diagonalisable this says exactly
that the symbol must fix the block’s spectrum pointwise, p(\) = A for every A € spec M ;
in general p(z) — z must vanish at each eigenvalue to the order of its largest Jordan
block. Thus consistency of the factor drift on each finite-dimensional shift-invariant
block is reduced to one polynomial divisibility; on the envelope @, V,, the induced drift is
block-diagonal, so the condition holds there if and only if it holds on every block.

(b) (The instance.) For p(z) = z + 522 the criterion reads my; | 522, i.e.
Kt = KNA s (M) =M <= M?=0 < V C kerd? = {affine curves a + bo}.

Since spec M C {Rez = —1/k} contains no zero eigenvalue, no block of this model passes:
the drift condition fails on every genuinely decaying block (n # 0) and every oscillatory
block (w #0). The quantitative discrepancy is p(M) — M = gMz, i.e. on the spectrum,
p(z) —z = ng. In H,, the affine sliver is thinner still: since w > 1 is nondecreasing,
JoZw =00 and |la+ b0, < oo forces b =0, so inside the state space the tolerated class
is the constants alone. For the model’s blocks the two induced dynamics are

-1/k —w
KdEf:—)\]_ vs KNA:MT:< n)7
n ns2 n n wn  —1/k
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differing in exactly two ways: the decay mismatch kA, = %(1 + K2w2), equal to 1 only
if the lattice contains an index satisfying kw, = 1. Such an index exists precisely when
0*/(rr) € N; otherwise 6% /(mwr) is only the continuous crossing location. The second
discrepancy is the missing rotation t+w,. Separately and non-spectrally, the convexity q;
of (5) is absent from (7).

Proof. (a) K% = p(M)T and KNA = MT; transposing, equality is p(M) = M, i.e. (M) =0
for ¢ := p —id. A polynomial annihilates M precisely when it is divisible by the minimal
polynomial, which is the stated criterion; the spectral form is the standard reading of mys | ¢
(simple roots when M is diagonalisable, root multiplicities equal to the largest Jordan-block
sizes in general). (b) Here ¢ = §2?%, so ¢(M) = 0 reads §M? = 0. On a 2 x 2 rotation—decay cell
M = pl +wJ, M? = (4% — w?)1 + 2uwJ = 0 forces u = w = 0; a nilpotent Jordan cell (8 (1))
also satisfies M? = 0 and spans {1,0}. Since B” = M?B and the components of B form a basis,
M? = 0 is equivalent to V C ker 3. The displayed block pair is K3 = p(M,)T = =\, 15
(Proposition 4.2(c)) against KN* = M,| (Proposition 2.7); the mismatch ratio kA, = 1(1+r%w?)
restates (8). O

Remark 4.4 (The obstruction is measure-invariant). The discrepancy of Theorem 4.3 is not a
market price of risk. On the Brownian filtration every equivalent measure change is a Girsanov
tilt AWQ = dW + v, dt, so it changes the factor drift by —%+; and therefore can move it only
within the range of the volatility. With the sine-only loading, range ¥ is the sine coordinates,
while per block

1
L)
Kyt = Kt = =Mla = M, = <H_w "t c_m/\ )
n n

K
has cosine row (—wn, % — )\n) # 0: the missing rotation acts on the noiseless coordinate,
which no tilt ¥ — adapted, state-dependent, or otherwise — can reach. (Even when a matched
lattice index n* with kw,+ = 1 exists, so the decay entry % — A = —W vanishes,
the rotation entry —wy,» does not.) The missing convexity is likewise unreachable: ¢ contains
an original-frequency term at decay 1/k, together with a zero-frequency term and 2w, beat
terms at decay 2/k (Remark 2.11); the latter components lie outside the sine-only volatility
range. Consequently the envelope realisation equipped with the induced dynamics admits
no equivalent local martingale measure, for every N: at each truncation order the verdict is
not “wrong Q-drift” but “no Q exists.” This sharpens Remark 2.10: the P-freedom bought
by an essentially affine price of risk is exactly XI'y, the sine rows, and the deviation exits it
identically. And it is visible only on the doubled envelope; the cosine partners adjoined in
Proposition 4.1 are what expose it. Theorem 4.6 below turns this factor-range statement into

an explicit arbitrage using finitely many traded zero-coupon bonds.

4.3 Spectral locking and factor autocovariance

Theorem 4.3 was stated for the model. Its characterisation half, Proposition 2.7, has a
consequence for every consistent model that is worth recording on its own, because it is testable
and the model violates it maximally.

Corollary 4.5 (Spectral locking). In a consistent arbitrage-free model of Assumption 2.6
(Proposition 2.7), spec K = spec M with multiplicities. Moreover, if ¥y = 3 is constant with
C =XXT, Respec M < 0, and the factor process is initialised at (or has relazed to) its stationary
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law, then the stationary covariance Vi solves the Lyapunov equation M Vy 4+ VoeM +C =0
and the stationary autocovariance is

R(h) := Cov(Xysn, Xy) = M M.

On a semisimple complex block with spectrum —\ =4 iw this equals e M R(wh) Vi by (4): on
every stochastically excited such block, the nonzero covariance entries of its rows are damped
sinusoids with the maturity frequency w and decay rate . On a complex Jordan chain of length
m > 1 the frequency and the decay rate are the same, but the entries are e~ times sine—cosine
combinations with polynomial coefficients of degree at most m — 1: it is the pure-sinusoid shape,
not the spectral content, that requires semisimplicity. Thus a maturity ripple of wavelength
27 /w corresponds, on that block, to a calendar-time cycle of period 2w /w.

Proof. Proposition 2.7 gives K = M, which is similar to M, so the Jordan structure — in
particular the spectrum with multiplicities — coincides. With constant ¥ and Respec M < 0,
the factor OU system dX = M'Xdt + X dW has stationary law N(0,Vs) with Vo, =

fooo eMsCeMs ds; the integral converges, and
T d T M
M VOO—FVOOM:/ d—(e 5Ce S)ds:—C,
0 S

which is the Lyapunov equation, uniquely solvable because spec M ' N spec(—M) = (). For
h>0 Xip = eMThX, 4 ftt+h eM T (tHh—u)¥) GW, with the integral independent of 73, so under
stationarity R(h) = Cov(Xip, Xi) = eM "V, Work in coordinates adapted to the real Jordan
form (the completions’ coordinates already are). On a semisimple cell M, = —A1 +wJ, (4)
gives the block rows My h = e MR(wh) T, so for every column j

R(h)1; = e M (cos(wh)(Voo)lj — Sin(wh)(Voo)gj),
R(h)2; = e M (sin(wh)(Vao)1j + cos(wh)(Vao)25).

i.e. R(h)ij = pij e M cos(wh — ¢;;) with amplitude p;; = ((Voo)%j + (Voo)%j)l/2: every nonvan-
ishing entry in those rows is a damped sinusoid at frequency exactly w and decay exactly .
The block is stochastically excited — some p;; # 0 — whenever its rows 3J; of 3 are nonzero:
the block-diagonal of V. is then the controllability Gramian fooo My SEbeTeM”S ds, positive
definite because {v, (—A1 — wJ)v} spans R? for every v # 0 when w # 0 (Jv L v). For a
chain of length m the real Jordan block is My, = (1, ® C) + (N ® 12) with N the nilpotent

shift; the two summands commute, so eMe I = ¢~ Y hem hk—?(NT)k ® R(wh) ", which is the

stated polynomial-times-sinusoid form. A concrete instance: C' = —21 +wJ withw =1, m = 2,
Voo =14 and X7 = —(M T + M) = 0 satisfies every hypothesis and has entries +h e~2"sin h,
which are not pure sinusoids. O

At the reference calibration (k, 6*) = (4, 30), the required and proposed decay rates already
cross between modes 2 and 3, after which the mismatch grows quadratically with mode number.
With the essentially-affine caveat of Remark 2.10, this gives a direct restriction on the joint
maturity and time spectra. The cylindrical model violates it maximally: its maturity spectrum
has constant real part and nonzero imaginary parts; its time spectrum is real with n-growing
magnitude (Figure 1b, Figure 2a).
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(a) model eigenmodes e~*sin(nn8/6 ") (b) the two spectra disagree (c) decay mismatch
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Figure 1: (a) The model’s first three eigenmodes: damped oscillatory quasi-exponentials with
envelope e~%/%. (b) The two spectra: maturity-domain —1/k + iw, (vertical line) versus the
model’s time-domain OU rates —)\,, (real axis); arrows mark the pairing no-arbitrage would
identify — the time spectrum is the image of the maturity spectrum under the symbol p,
collapsed to the real axis because the model’s spectral line is the symmetry axis of the parabola.
(c¢) The mismatch ratio kA, against the arbitrage-free requirement (dashed).

Remark 4.4 is a statement about factor coordinates. The remainder of the section turns it
into two statements one can act on. At every truncation the defect is exposed by a finite panel
of traded bonds (§4.4), and its size does not wash out under refinement (§4.5). §4.6 then asks
what survives in the infinite model, where the sine system is complete and no coordinate is
silent: an energy obstruction does. §4.7 closes by giving the silent coordinates noise of their
own, which turns the unreachable drift into a price.

4.4 A finite-bond witness

The range defect is not merely a coordinate-level failure. At every finite truncation it can be
separated by a finite panel of traded bonds. For the statement, put

by (1) = \/ 9*2*@_#'{ sin(wy,7), by (1) = \/%6‘”” cos(wnT),

and define the integrated sine loading and the integrated state-drift defect by
Fa(r)i= [ Bpaydu. Halr) = B0 + M), (10)
0

and write ¢™¥ (1) 1= o} > n<n bn(T)Fy(7) for the truncation’s own convexity, so that Jo @~ =
3083, Fu(7)%. (This is BT CT of Proposition 2.7 evaluated on the sine-only data, and agrees
with the completion’s convexity in Definition 5.1.)

With N Brownian shocks, N + 1 bonds generically leave one instantaneous zero-volatility
portfolio. In the inconsistent truncation that portfolio retains nonzero discounted drift. The
proof chooses its sign from the observed state and stops before the sign can reverse, turning
the rank defect into an admissible arbitrage.

Theorem 4.6 (A finite-bond witness of the obstruction). Fiz N > 1 and consider the actual
N -sine truncation
N

ri(1) = pe(7) + Z by (T)Znt, dxpt = —ApTpt dt + oo dW,?, (11)

n=1
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with deterministic initial state and a deterministic, jointly Ct sector ¢(t,7). Let By =
exp(fg rs(0)ds) and P(t,T) = P(t,T)/Bs.
For every nonempty open interval J C (0,0%), define the ordered simplex
J1{V+1 = {(Tl,...,TN+1) S JN+1 < < TN+1}.

An open dense subset of full Lebesque measure in J¥ 1 has the following property. At every
deterministic tg > 0, the fived-calendar-maturity bonds T; = to + 75, together with the savings
account, support an admissible self-financing strategy with zero initial wealth, nonnegative wealth
at all times, and strictly positive terminal wealth almost surely. Thus the finite bond market
violates NA (hence NFLVR) and admits no equivalent local martingale measure.

The count is generically minimal for this instantaneous zero-volatility construction: N + 1
denotes N + 1 risky bonds, in addition to the savings account.

Proof. Write .
ofto) = [ (@l = i) = ¥ () de

With F,,, H,, as in (10), the state-linear difference between the model’s drift and HJM transport

in (11) is
/1
> KH — )\n> be (1) — wnb;;(r)] Lot
n=1
Since (b3) = —k b5 +w,bS, its maturity integral is —H,,. The bond calculation in Lemma 2.1,

including [ ¢V = 102>, F.(7)?, therefore gives

N N
—ao(t,T —t)+ Y Hu(T - t)mn,t] dt — 00  Fo(T — t) dW}". (12)
n=1

n=1

dP(t,T) _

P(t,T)

The deterministic HIM defect enters as the intercept ayg.

Fix any k < N. The analytic functions Fi, ..., Fi, Hy are linearly independent on every
open J. Indeed, differentiation first proves independence of the F;, from that of the distinct
sine modes. If Hy lay in their span, differentiating would put

1

in the finite sine span, impossible because wy > 0 and the sine—cosine characters are linearly
independent on every open interval. The elementary evaluation lemma for linearly independent

functions now supplies distinct 71,...,7n41 € J such that
Fi(rn) -+ Fn(n) Hy(m1)
det : : : # 0. (13)
Fi(tny1) - Fn(tve) He(mv4)

For completeness, the evaluation lemma follows by induction: if no final evaluation point made
the determinant nonzero, the last function would be a fixed linear combination of the preceding
ones. The determinant in (13) is a nonzero real-analytic function of the maturity tuple, so its
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nonzero set is open and dense in the ordered simplex. Since the zero set of a nonvanishing
real-analytic function is Lebesgue-null, that set also has full measure, as the theorem asserts.
Set T; = to + 7 and, for ¢ near ¢y, define

an(t) = Fn(T] —t), Kj(t) = (_1)j+N+1 det F(j)(t)v

where FU) deletes row j. Laplace expansion gives £(t)T F(t) = 0. By (13) and continuity, there
is a deterministic € > 0 with tg + ¢ < min; T} such that rank F(¢) = N and

o) T (He(Ty = 1), ..., Hy(Tyy1 — 1)) T #0 (14)

throughout [to, to + €].
Let 1(t) be the vector of discounted relative drifts in (12) and put g; := £(t) " u(t). By (14),
the coefficient of xy s, in gy, is nonzero. Since

2
Var(zn, 1) = ;To(l - 672)\"%) > 0,
n

g+, is a nondegenerate affine Gaussian, even in the presence of the deterministic intercept ag,
and hence P(g,, = 0) = 0.
Set ¢ := sgn(g¢,) and

0 := inf {t >ty:Cq < %\gt0|} A (to +¢€).

Here g; = £(t) " uu(t) is jointly continuous in (¢,w): £ and ag are deterministic and continuous,
and p is affine in the continuous state X; with continuous deterministic coefficients. Since
Cgto = |gt,] > 0 a.s., continuity of t — (g gives p > to almost surely. Use the predictable
discounted dollar exposures

hj(t) := CLj(1) 11y, (1),

equivalently the bond units
(1)
ﬂj(t) = = 1(to,g](t)'
P(t,Tj)
Here ¢ is Fy,-measurable, and the continuous hitting time g is predictable, so the exposures are
predictable. Because every P(-,Tj) is strictly positive and continuous and / is deterministic
and continuous, the bond units are locally bounded and hence semimartingale-integrable. Their

discounted gain, started from zero, satisfies exactly

N+1
th = Z 79]'(75) dP(t’Tj) = Cgtl(tmé’] (t) dt’
7=1

because ¢TF = 0. It has no Brownian term and
Gy >0, Giote = Go > 3la,l(0 —t0) > 0 as.

The risky positions are financed through the discounted cash holding
0 =Gy — Y _0;(t)P(t,Ty).
J

After o the positive wealth is left in cash. This defines a self-financing admissible arbitrage.
Finally, for m < N generic bonds the m x N evaluation matrix of the independent F}, has row
rank m, hence no nonzero left-null portfolio. This proves the generic-minimality claim. O
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Remark 4.7 (What the construction needs: a recipe, not a computation). The proof used three
properties of the model and nothing else, so the route generalises. Let a factor term-structure
model have (i) loadings real-analytic on some open maturity interval J; (ii) a state-linear
discrepancy ), ¢,(7)xyn, between its drift and HJM transport, whose maturity integral fo Ch
fails to lie in the span of the integrated volatility loadings { fo ontn<n as functions on J —
equivalently, a discrepancy no Girsanov tilt can reach; and (iii) a state making the surviving
drift functional g, = £(to) " iu(to) nondegenerate, in the sense that its law is atom-free at 0.
Nondegeneracy of the individual coordinates is not enough: if the cofactor pairing leaves the
combination a = (1, —1) while z1 4, = 224, almost surely, both coordinates are nondegenerate
and czTXt0 vanishes identically. A state law with positive-definite covariance on the relevant
coordinates — as in Theorem 4.6, where the x,, are independent with positive variance — is a
convenient sufficient condition. Then the evaluation-determinant argument supplies an open
dense set of maturity tuples, the cofactor portfolio annihilates the volatility matrix identically,
and the sign-and-stopping argument converts the surviving drift into an admissible arbitrage
in N 4+ 1 bonds. Nothing in this uses the sine basis, the cylindrical noise, or the particular
symbol. The passage from “the drift condition fails in a direction outside range ¥ to an explicit
finite portfolio is therefore available for any such model. And it is constructive, where the
fundamental theorem of asset pricing would give only existence.

4.5 The size of the obstruction

The next result measures the size of the unreachable drift. Its quotient class is intrinsic; the
displayed scalar uses the model’s own normalization of the coordinates, and Remark 4.9 says
what it does and does not measure.

Proposition 4.8 (Normalized-coordinate size of the unspanned drift). Order the nth envelope
state as (Sp,cpn), with the sine coordinate first, and let

N N
Ky =P (-Mla), My:=PM, Iy:=oo(e],... ek
n=1 n=1

The invariant object is the quotient class
on(z) == [(K§ — My)z] € R* /range X y.

In the canonically normalized sine—cosine coordinates above, equip the quotient with the induced
Euclidean norm and put dp, == k' — \,. Then

N
2
d 2::'fHKC—MT > H:§ —onSn + dncn)?. 15
~(z) nf, (Ky N)T N, (—wns Cn) (15)

For the stationary embedded sine truncation, ¢, = 0 and the s, are independent centred
Gaussians with variance 08/(2)\n). Thus, for independent standard normal variables Z,,

N 2, 2
d oKW
DN(X)Q = E I_E&QZQ Z72w (16)
n=1 n
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and consequently, from (16),

Eon(X)* = 05) [ 1 n%ﬂ] (17)
— J(Z)N j {0* th(f) - 1] +O(N7Y). (18)

Under the natural nested coupling of the stationary coordinates,
M — % almost surely and in L. (19)

N K
Thus the normalized squared obstruction is extensive: it approaches U%/H per retained mode
rather than disappearing with refinement.

Proof. On block n,
KS— M, = < (n “").

—wp  dp

The volatility range is exactly the sine coordinate in every block. Minimization over =, removes
the first row and leaves —wy, s, + dpc,, proving (15). In stationarity,

2 2 2 1
E(w?s2 :O'Own:O;O 1- —
(wnsn) 2\n, K 14 k22 )’

which gives (17). The identity

7§:11+(m1n/9*)2 = [«9* Coth<9;> _ 1}

and its O(N 1) tail give (18). Finally the independent summands w?s? have uniformly bounded
Variances and means converging to o3 /r. Kolmogorov’s strong law gives the almost-sure limit
n (19); the same variance bound gives L? convergence. O

Remark 4.9 (What the modulus does and does not measure). The quotient class oy and its
nonvanishing are invariant under invertible factor changes; the Euclidean number 0y is tied
to the normalized sine—cosine coordinates and changes under a non-orthogonal rescaling. It
quantifies only the state-linear drift component outside the Girsanov range, not the deterministic
convexity defect. It is therefore neither a market price of risk, a Sharpe ratio, a hedging loss,
nor a monetary reserve. A security-output norm would additionally require a declared maturity
panel and portfolio metric; Theorem 4.6 supplies the invariant fact needed here, namely that a
generic finite panel separates the quotient class.

That completes the finite-N diagnosis. What survives it in the infinite model is the next
question.
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4.6 The infinite model: an energy obstruction

In the infinite cylindrical model the sine system is complete in the state space, so no literal
“noiseless coordinate” survives the limit and Remark 4.4 does not upgrade termwise. What
survives is an energy obstruction.

Proposition 4.10 (The infinite model: no square-integrable Girsanov repair). (i) The sta-
2

tionary field’s maturity increments obey E(X(6 + h) — Xt(ﬁ))Q = e=20/%|h| + O(h?) at every

interior 6. The field is Brownian-rough in maturity, hence a.s. nowhere differentiable in 6, and

X; ¢ CY a.s. (ii) On the completed natural filtration of the driving cylindrical Brownian motion,

every equivalent change of measure is represented by a predictable Girsanov density v satisfying

T
| lulfrdt<ooas,
0

together with the condition that its stochastic exponential is a true martingale. Thus the relevant
integrand space is the pathwise space L*([0,T); H), not L*([0,T]; Hy). For the stationary
solution, and also for every deterministic Xg € H independent of the future noise, at each t > 0

Y wplza()P =00 as. (20)

n>1

Consequently 93X, ¢ H a.s. for every t > 0, and with probability one this holds for Lebesgue-a.e.
t € (0,T). Hence there is no predictable v € L*([0,T); H) for which

~ K
ooyt = (A —09) Xy — qt = 583Xt —q

holds distributionally for a.e. t, whenever the proposed convexity term q; is H-valued. In
particular, an equivalent measure change cannot implement this repair even if the drift identity
is required only against the test core C2°(0,0%). The spatial assertion in (i) is the stationary
stochastic-heat regqularity; see [41, 33]. Part (i) is proved below.

Proof. The map U : H — L*(0,0%), (Uf)(0) = €%/%f(6), is unitary and Ue, = ¢, =
V/2/0* sin(wy,0). In stationarity, the coefficients of Y := UX have variances

2 2
Oy _ 99

2\, k(w2 +K"2)

Therefore )
o
Cov(Y(0),Y (u)) = ?OG’BB&LK,Q(Q,U),

where G is the Dirichlet Green kernel. Its first derivative has the unit diagonal jump, so
the covariance increment identity gives E[(Y (0 + h) — Y (0))?] = (03/k)|h| + O(h?). Since
X(0) = e %Y (9), part (i)’s displayed asymptotic follows. The Gaussian process Y is the
massive Brownian (Ornstein—Uhlenbeck) bridge in the spatial coordinate; its quadratic variation
is (03 /k)df. Thus it, and its product with the positive smooth envelope e 0/s
differentiable.

For (ii), moreover,

, is a.s. nowhere

1
Au-t=Fg2_
UAU 289 P
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with Dirichlet domain. For deterministic initial data, the independent Gaussian noise parts of
xn(t) have variances

2
v (t) = &(1 - 6_2)‘”t) = w2 (t>0,n — 0);
2\,
in stationarity, v, = 02/(2\,) exactly. Writing z,,(t) = m,(t) + \/vn(t)Z, with independent
standard normals, the events |z,,(t)| > 11/v,(t) have probabilities bounded below uniformly
in n (the centred interval has maximal Gaussian mass when my,(t) = 0). Independence and
the second Borel-Cantelli lemma therefore imply that infinitely many occur. Their terms in
>, whx,(t)? are bounded below by a positive multiple of w?, proving (20).

Zero traces are needed before the sine criterion may be applied, and they do not follow from
(20) alone: f =1 has f” = 0 € H while its sine coefficients are of order n~!, so its weighted
sum diverges. They do hold here. In stationarity part (i) exhibits Y = U X, as the massive
Brownian bridge on [0, 6*], which has a continuous modification vanishing at both endpoints;
for deterministic Xo € H, write X; = e/ Xy + Z, where Z, := X't — A X5 ig a version
of the stochastic convolution. The semigroup terms lie in D(A) C H2 N H} for t > 0 (A is
self-adjoint and negative after conjugation, hence analytic), and the bridge terms vanish at the
endpoints, so X; is continuous with X;(0) = X;(6*) =0 a.s.

Now suppose 892Xt € H. One-dimensional elliptic regularity then gives X; € H?, and
with the zero traces just established UX; € H? N H} (multiplication by e*0/5 preserves H2
on a finite interval). The Dirichlet sine characterisation — UX; € H? N H{ if and only if
S, (14 wh)|zn(t)]? < oo — then contradicts (20). Hence 95X; ¢ H. Since this holds with
probability one for each t > 0, Tonelli’s theorem applied to the indicator of the exceptional
H? event gives the simultaneous statement for Lebesgue-a.e. ¢, almost surely. If the displayed
weak drift identity held with v, ¢; € H, its right-hand side would give an H representative
of 8§Xt as a distribution, contradicting the preceding conclusion. Finally, on the completed
natural Brownian filtration, Girsanov’s theorem requires fOT [|7el|%dt < oo almost surely, in
addition to the true-martingale condition for the density exponential, so such a measure change
is unavailable. O

That is the obstruction under the model’s own noise. One question remains before the
diagnosis is complete, and the next subsection settles it: what changes if the silent coordinates
are given noise of their own, so that the defect becomes reachable by a change of measure.

4.7 When the silent coordinates are loaded: a market-price-of-risk cost

Remark 4.4 and Proposition 4.10 rest on the same fact: under the model’s sine-only loading
the defect leaves the range of the volatility, so no tilt can reach it. Suppose instead that
every block is loaded isotropically, with intensities o, > 0 and Y, w202 < oo, and use the
damping-compatible weight (1). This loading adds one Brownian source per block: it is a
second completion, compared with the sine-only one in Remark 5.3(iii). With it the defect lies
inside the volatility range, Girsanov’s theorem applies at every finite order, and the question
becomes what the tilt costs and whether the cost stays finite on the infinite envelope. The
answer is a dichotomy governed by one number.

For an entire function p with p(z) = p(z) the induced drift on block n is p(M,,) : the proof of
Proposition 4.2(a) applies to the power series of p, which converges on the two-dimensional block.
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Since M,, = —k~11+w,J with J2 = —1, every entire f satisfies f(M,,) = Re f(z,) 1+Im f(2,) J
with z, := —k 1 + iw,. Write

Op == p(zn> — Zn; kn = _Rep(zn)7 Cn = &= Z tn) (21)

and let 2, := p(M,)" — M, be the defect block, the difference between the induced drift and
the arbitrage-free drift of Proposition 2.7. Then Z Z,, = |§,|?12, and the symmetric part of
p(Mn)T is —k,12: k, is the mean-reversion rate of block n under the induced dynamics and
k1 its rate under the arbitrage-free dynamics. We call ¢,, the defect energy of block n and &
the defect energy of the envelope. For the model’s symbol p(z) = z + gzz one has p(z,) = — Ay
(Proposition 3.1), hence d, = —(\n + 2n), |0n|> = d? + w2 = A2 with d,, = K~} — \,, as in
Proposition 4.8, k, = \n, ¢n = A\n, and =, is the block displayed in Remark 4.4.

All laws below live on the canonical product path space Q := [[,,~; C([0,T];R?),0 < T < oo,
with its product o-algebra Fr. The coordinate process is & = (2 )n>1 With z, = (sn,¢p); its
raw canonical filtration is augmented under each law separately where needed, and ]:;N) =
o{xn(s) : m < N, s < T} is the o-field of the first N blocks. Writing b5, b¢ for the two

n»vn
components of B,,, direct differentiation and (1) give

2
2 2 2 -2
31 + 8612 = 5 [1+ (w2 +72) Cu]
Consequently > w202 < co makes Y, Bz, an H,-valued process under the arbitrage-free
dynamics. The same is true under the induced dynamics whenever inf,, k, > 0, since each
coordinate variance is then bounded by a constant multiple of o2. Nothing in the proposition
itself requires the coordinate sequence to define a curve: its statements concern the two product
laws.

Proposition 4.11 (Girsanov energy and the Kakutani dichotomy). Under the isotropic loading
above, let P gnd PNA be the laws on Fr, 0 < T < 0o, of the factor process started at the
origin, under the induced drift p(M)" and under the arbitrage-free drift M7 respectively, with
the same noise. Assume ky, > 0 for all n, except where (¢) says otherwise; in (a) this assumption
enters only the stationary statement.

(a) (Finite order.) Let Py := Pdef]]_.uv) and QN = IP’NA]}.W). For every N, Py ~ Qn with
T T

5 [ S [ i), e
dPx P o Tn,t t 2n§N ) Tn,t s Tn,t n —=n s

C
n<N n,t

where W™ is the PY°f_Brownian motion of block n. In P _stationarity EY", n [yntl? =
Y n<n tn, whatever the intensities. The Hellinger affinity of Pn and Qn is [[,<n bn
with

eknT a

n = = k, = 1 (k, -1 2. k24 L5, 2
b cosh(m,T) + (k,/m,) sinh(m,T)’ 2( tr )’ m, T+ 110n]
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(b) (Infinite envelope.) On Fr,

Pt L~ PV = £ <00 = Z 0n)? < 00 <= Z:=@D, =, is Hilbert-Schmidt,

n

—_

= acting on (?(N;R?); otherwise the two laws are mutually singular, with fOT |v¢|2dt = oo
Pdel_q.s., where |72 :== Y, 1 |mtl?. In the singular case no measure equivalent to P4t

gives the factor process the dynamics of Proposition 2.7.

(c) Equivalence forces &, — 0, hence ky, — k=1 It fails for every polynomial symbol of degree
at least two. If k, <0 on infinitely many blocks, the two product laws are still defined on
Q and are mutually singular there, although the coordinate sequence need not then define
an Hy-valued curve.

(d) (The model.) For p(z) = z + 522,

N  km?N(N +1)(2N +1)
gN'*Ze”*Z)‘"*ﬂ—i_ 12 6*2 )
n<N n<N

: 1 1
and, with ¢, := VAL

e~ TEN/4 < H by < 2Ne(1—1/\/§)NT/(2fi) e—cngN’
n<N

so that —log HngN b ~ 1T En ~ c1km®TN3/(60*2). The tilted truncations are therefore

c¢N3

equivalent at every order and singular in the limit, and their affinity decays like e~ on

both sides.

Part (d) is the quantitative counterpart of Remark 4.4. With the sine-only loading the two
laws are inequivalent at every order because the defect is unreachable; with the isotropic loading
they are equivalent at every order, at a cost growing like N3, and inequivalent in the limit. The
two loadings agree on the infinite verdict and differ in what they say about truncations: an
impossibility against a price.

Proof. (a) On the first NV blocks the drift is linear in the state, so the stochastic exponential
of the linear (v,)n<n is a true martingale (Benes’ criterion, [31, Cor. 3.5.16]). Writing the
factor equation of those blocks as dx = p(M) Tz dt + S dW = M "z dt + % (dW +~y dt) identifies

W + [ ~dt as a 2N-dimensional Brownian motion under the tilted measure on ]:éN), whose
density is the displayed exponential; neither this nor the affinity formula below uses k,, > 0. Block
nof p(M)T is normal with symmetric part —k, 1, so its stationary covariance solves the Lyapunov
equation and equals 02 /(2k,) 12; hence E|y,|? = 0, 2tr(E)Z,) 02/(2k,) = |0,]?/kn = en.
For the affinity let b9¢f, 8N4 be the two drifts and P™4 the law with the midpoint drift
2(b%f 4+ BNA). Since S([pdef|2 4 [PNA1Z) — |2 (bdel 4 pNA) 2 = Ljpdel — pNA1Z the Girsanov
densities against the driftless reference law give VdPdef dPNA = dP™d exp (-1 fOT S Ex2dt).
Block n of the midpoint drift is normal with symmetric part —k,1; its skew part rotates
(8n, cn) without changing the modulus, so b, = E™d exp(—%|5n|2 fOT |ye|?dt) with y a two-
dimensional Ornstein—Uhlenbeck process of rate k, and unit intensity started at 0 (the intensity
oy, cancels). For a one-dimensional such process the Riccati equation for the exponent gives
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E exp(—1 f y2dt) = ekT/2 (coshmT + (k/m)sinh mT) Y2 with m? = k2 + 29; squaring for the
two independent coordinates and putting ¥ = [5,|?/8 gives (22).

(b) Under both laws the blocks are independent, so on Fr both laws are product measures
over n with equivalent factors by (a), and Kakutani’s theorem [30] states that they are
equivalent if [[, b, > 0 and mutually singular otherwise. Sufficiency. By Jensen, b, =
Edef \ /dPNA JdPdel > exp(— LKL ) with KL, = JE& [T|, ,
(02 /ky)(1 — e=2nt) | 50 KL sen [T — (1 — e 2T)/(2k,)] < 3,7 and 1 — b, < Le,T.
Thus € < oo gives >, (1 — hn) < oo and equivalence. Necessity. By Kakutani’s criterion it

suffices to show that & = oo forces ) (1 —b,) = oo, and this is done block by block. Put
— Emide—Yn/S’

Y, = fOT |Vn.t|?dt. The midpoint representation in the proof of (a) reads by
s0 1 — b, = E™d(1 — e ¥n/8) > (1 — e")E™d min(Y;,/8,1). Under P™9, Y, is a positive
quadratic functional of a centred Gaussian process, hence by the Karhunen—Loeve expansion
a sum Y. a;Z? with a; > 0 and independent standard normals Z;; so EY;? < 3(EY,)? and
PaleyZygmund gives P™d(Y;, > %EmidYn) > 12, the step already used in Proposition 3.3(c);
hence E™4 min(Y;,/8,1) > & min(&E™Y,, 1). Block n under P™ is an Ornstein-Uhlenbeck

process with symmetric part —k,1 started at the origin, so E™d|z,, ;|2 = 02 (1 — 6_2E”t) /kn and

5n? 1 — e 2u
E™idy, _ 19 T (kT =1-—
W e(knT),  ¢(u) 5

€ (0,1), o(u) > % n(u, 1),

¢ increasing. Split the index set at k, > 5-. If > ¢, = oo over the blocks with &, 2 , then
there k, > 43,{ and kn%f:,l > g, SO Em‘dY f — ¢, Tp(k,T) > ce, with c: 2Tm1n(i£, 1),
and ) min({ze,, 1) = co. Otherwise Z ey = 00 over the blocks with k, < 5-, which are then
infinitely many; there |6, > Red, = k71 — ky, > 5= and ky, € (55, i), so E™Y, > Lo(L) >
0 on infinitely many blocks. In either case ) (1 —b,) = oo, and Kakutani’s dlchotomy
gives singularity. The pathwise statement follows from the same estimates under PI°f: the
Y,, are independent and nonnegative with B4y, = 2KL,, = ¢, T o(k,T); Paley—Zygmund
gives ' min(Y},, 1) > & min(3E%'Y,, 1); the same split shows >, E4f min(Y;,,1) = oo (in
the second case epp(kp,T) > ](5 | min(T, k,;1)/3 > min(T, 2x)/(12k?)); and for independent
nonnegative summands this is equivalent to >, Y, = 0o a.s. (the three-series theorem with
Borel-Cantelli). The remaining equivalences follow from k,, = k' — Red,, < k= ! + |d,|, which
gives ¢, > |6,|2/(k71 + |6n]): € < oo forces §, — 0, then k, — v~ ! and ¢, < k|d,|?, while
IZl12s = 23", |6,]. For the last sentence: under a measure equivalent to P! that gives the
factor process the drift M T with the same noise, the law of the factor process would be PNA,
which is singular to Pd°f,

(c) is contained in (b): for a polynomial p of degree at least two, |p(z,)|/wn — 00, so
16n] > |p(2n)| — 20| — o0 and 3", |6,|* = co. Blocks with &, < 0 do not affect the equivalence
in (a) or the affinity formula, neither of which uses k,, > 0; only the stationary energy does. If
only finitely many such blocks occur, discard them: their factors are equivalent by (a) and do
not affect Kakutani’s product, so (b) applied to the remaining blocks decides the dichotorny.
When infinitely many occur, the midpoint rate k, = %(kn + k71) is at most 5- there, so

Emid|z,, 4|2 = 202 g e~2knsdg > 242 2k(1 — e~t/%) and, since |6, > Red, = /1_1 - k:n > k7L
Eridy, > 2,1 [T — k(1 —eT/ “)] > 0 on infinitely many blocks; the necessity argument of
(b) then gives > (1 —b,) = co and singularity on 2. The product laws exist on 2 whatever
the signs of the k,,, but their coordinate variances lack uniform dissipative control: they grow

linearly in ¢ when k,, = 0 and exponentially when k, < 0. Consequently Y, w?|z,|? need not
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converge.
(d) Substitute p(z,) = —\, and sum A, = (1 + k2w?2)/(2k) over n < N; the sum diverges,
so (b) gives singularity in the limit. For the affinity write (22) as
2 e(fcn—mn)T
(14 kp/my) + (1 — ky/my,) e 2maT”

hn:

whose denominator lies between 1 and 2 because 0 < kn < my; hence e(kn—mn)T < b, <
2elkn=m)T Now m,, — &y, = [6,,[2/ (4(my, + Ky,)), with [6,]2 = A2 and k,, = 2(\, + r71) for the
model. Since m,, + k, > 2k, > \,, one has m,, — k, < \,/4, whence HngN by > e Tén/4 In

o 2 .7
the other direction, m? = %)\% + g‘—g + ﬁ > (% + 2\/1%) gives kp —m, < —c1 A\, + (1 — %)i

and the displayed upper bound. Finally (m, + k,)/\, — % + %, so (m, — kn)/An —

(4(% + %))_1 = c1; as — logh, differs from (m,, — k,)T by at most log2 and Ey =< N3, it

follows that —log HngN bp ~c1TEN. d

Remark 4.12 (The price, its invariant, and the sequence of tilted markets). (i) At the reference
calibration (k,6*) = (4,30) and T' = 1 the truncated model has

N 5 10 16 32
En 1.83 9.69 348 255
VEN 1.35 3.11  5.90 16.0
[T,<xbn 092 037 6-107% 2-107%

(ii) At each finite order, |y;| bounds the instantaneous Sharpe ratio of every self-financing
portfolio in the N-block market: a portfolio with volatility vector v has excess drift v - 7y, hence
Sharpe ratio v - v/|v| < |y|, with equality when v || 7. A panel of 2N bonds as in (iv) attains
the equality at all but finitely many times of its horizon, since its volatility vectors then span
R2N. Thus +/Ey is the stationary root-mean-square of the market price of risk |y;|, equivalently
of the maximal instantaneous Sharpe ratio of the Nth market — a continuous-time local
analogue of the Hansen-Jagannathan bound [23] — and V€ = limy /&y is its limit. Unlike
0n of Proposition 4.8 (Remark 4.9), £y is a market-price-of-risk energy, precisely because
under the isotropic loading the defect lies in the range of the volatility. (iii) The invariant is
coordinate-free. For a factor generator K with noise loading X, possibly rectangular, whose
covariance C' = X" is invertible, and with stationary covariance V', the minimum-norm tilt
carrying the induced dynamics to the class is Yin = X' C7'Zx with 2 = K — M T, and its
stationary energy is E|ym|> = tr(CT'1EVET) = \|C*1/2EV1/2H12{S. Finiteness of this quantity
is a property of the operator and the noise, invariant under changes of factor coordinates; in the
block-diagonal isotropic setting it reduces to £ < oo, with a value independent of the intensities.
(iv) Fix a trading horizon H € (0,60*) and take T'= H in (a)-(d). At each order take the market
of the bank account and 2N bonds with fixed maturities T; € (H, §*), so that every bond is
alive on [0, H] with time to maturity in the modelled range, and let the deterministic sector be
transported as in Proposition 2.7. The 2N x 2N volatility matrix has entries 0,13 (T; — t) and
onI$(T; —t), t € [0, H]. The 2N functions I, I (n < N) are linearly independent real-analytic

functions on every open interval, since their derivatives are the distinct characters b7, bS,; so by
the evaluation argument in the proof of Theorem 4.6 the matrix is invertible at ¢ = 0 for an open

dense set of maturity tuples in (H,6*)2V, and, being real-analytic in ¢, it is invertible for all but
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finitely many t € [0, H], hence dt-a.e. On the natural filtration of the 2N Brownian motions
the market is therefore complete, with ) as its unique pricing measure. In the singular case
[L,,<n bn — 0 by Kakutani’s criterion, so the sequences (Py) and (Qn) are entirely separated;
that separation is the criterion for strong asymptotic arbitrage in the sense of [29] (see also
[38]). For the model this holds for every H € (0,60%) by (d), and it is a rigorous finite-sequence
form of the infinite statement left open below.

The diagnosis is now complete at every finite order. Every nontrivial finite sine truncation
of the envelope, equipped with the induced drift, admits no equivalent local martingale measure;
once the silent coordinates are loaded, every truncation admits one, at a price that diverges
with the truncation order. In the infinite model the factor-law statement is settled on the
loaded side, where the laws are mutually singular (Proposition 4.11(b)). The statement for the
traded bonds is the open problem of Remark 3.4: it presupposes traded-bond processes that
are semimartingales under the cylindrical dynamics. The next section stops asking whether the
model is arbitrage-free and constructs the arbitrage-free model that its envelope and its noise
admit.

5 The arbitrage-free completion and its singular limit

Section 4 returned a verdict. At every finite sine truncation the deformation drift lies outside its
volatility span, the defect is realisable in traded bonds, and it does not fade under refinement;
once the silent coordinates are loaded, it carries a price that diverges. This section does what
the conclusion of [13] asks and turns the verdict into a construction — keep the model’s basis
envelope and its noise, repair the drift, and take N — oo to see where the singularity of
maturity-white risk reappears. The repair is exact at every N. What it costs, and at which
level its limit lives, are the two results here: a short-end drift discontinuity with an explicit
boundary layer, and a limit for the convexity and the bond-return volatilities but none for the
curve. Section 6 then asks whether that cost survives the model’s own stochastic spread.

5.1 The minimal completion and the exact limit

The repair is a definition: keep the envelope of Proposition 4.1 and the sine-only noise, and
impose the drift that Proposition 2.7 requires.

Definition 5.1 (Completion). Fix x,0*, 09 > 0 and N > 1. The N-block completion is the

model of Assumption 2.6 with basis B = €, - x 0% e T/ (SinwnT, cos wnT)T, generating

matrix M = @, M, factor drift K = M T noise loading only on the sine coordinates with
intensity oy (so C = @, o diag(1,0) — exactly the model’s sources of randomness), and ¢;
transported by (6) with q{V = ¢V below. By Proposition 2.7 each completion is arbitrage-free.

The cosine coordinates carry no noise but are excited through the rotation in M '; the comple-
tion is a 2N-dimensional Gaussian factor HJM model. Its convexity is ¢V (1) = B(7)TCI(7) =
> n<n @n(7). Per block only the sine coordinate is loaded, so gn(7) = 0 b5 (7) [; b5 (u) du with

be (1) = \/2/6% e~ /% sinw,T, and the standard exponential-trigonometric integral gives the
closed form

_ 203 e~ T/n
o k24 w2

e—T/KZ )

sin

qn(T) [wn sin wy, T — WnT — wne ™" sin wy, T cos wnT} . (23)

K
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Theorem 5.2 (Exact completion limit). For every k, 6%, 09 > 0 and every T € (0,60%),

2
lim ¢ (r) = ¢®(r) = 20 27" (24)
N—oco 2
— independent of 0* — with convergence uniform on compact subsets of (0,6%). Meanwhile

¢V (0) = 0 for every N (as any HJM drift must satisfy at T = 0), so the limit has a jump
q>®(0") = 08/2: the convergence develops a Gibbs boundary layer at the short end with universal
profile

L 2 — 2lgi) — L
q ( Nﬂ) — o}Glu),  Glu) == Si(u) -} sl(zu)}, (25)
uniformly on compacts of [0,00). The limiting profile has a strict first local mazimum at w = 7,
of height

2
ot G(m) = = [Si(w) - %Si(%)}ag = 0.727568 02 = 1.45514 x ¢™(0%),

in the following precise local sense: for fired 0 < a < w < b < 2w, every maximiser uy of
u s gV (ud*/(N7)) on [a,b] satisfies uy — 7, and its value converges to o3G(T).

Proof. Write A, = k72 + w2, use sin? = 1(1 — cos 2w, 7), sincos = 1 sin 2w, 7, and sum (23)
against the three classical series (Fourier expansions of the sawtooth and of hyperbolic functions
on the lattice w,, = nw/6*; e.g. Gradshteyn-Ryzhik 1.441-1.445):

= f N S xTr) = - *Ii a0
An 2sinh % 2( ) An 2 sinh % 2

Si 6* sinh =2 kB* cosh &= 2

Si(z) = Z W, SIN Wy T COS W@ K
n>1 n>1

valid for 0 < z < 20 (resp. 0 < x < 26*), and S3 := S3(0). Then

—7/Kk —7/k

¢ (53 — 52(27‘)) — ¢ 9

2
0(r) = 20w 5 () -

> $1(27),

the doubled arguments requiring 7 < 6*. Elementary hyperbolic algebra (set u = 7/k, y = 0* /k;
the sum telescopes to [ey*% — e*y*%]/(4 sinh ), whose numerator factors as 2e~2%sinhy,
leaving 56_2“) collapses every 6*-dependent term and yields (24). Convergence: after the
trigonometric reduction the tails are of two kinds. The absolutely convergent ones have
O(A;Y) = O(n=2) coefficients. The conditionally convergent ones have coefficients wy, /A,
monotone — 0 after finitely many terms, against sinw,x, whose partial sums are bounded
uniformly for z in compact subsets of (0,26*); Dirichlet’s test then gives uniform convergence
on compacts of (0,0%). At 7 = 0 every term of (23) vanishes; at 7 = 6* every sinw,0* = 0, so
N (%) = 0 £ ¢=(6%).

(Layer profile.) Put
T U

= g0 x::hT:N;

thus w, = hn and 7 = u/(Nh). Fix U < oo and let 0 < u < U. The elementary bounds

a:=r"", h:

U U
| sin(nz)| < ”W | sin(2nz)| < ”T
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give

wn
Z Zr?  w (| sin(nz)| + | sin(2nz)))
n<N n
3a2U 1 .
< Sy ;nQ = Oy(N7Y),

Here we used

a® a?

Wn, 1 <
wp(a? +w?2) = hd3nd

a4+ w2 w,

Moreover,

Z | sin(na)| + | sin(2nz)| < 3.

aU
7CLT_1 < <7
e ’_aT_hN7 n

n<N
Applying these estimates term by term to (23) yields, uniformly for u € [0, U],

N{uw*\ _ 52 sin(nu/N) — 1 sin(2nu/N)
1 <N7r>_a07rZ n

+ Oy (N7h. (26)
n<N

For
sin(uy)/y, vy >0,
gu(y) = { ( )/
u, y =0,

the family {g, : 0 <wu < U} has uniformly bounded first derivatives on [0, 1]. Hence its right
Riemann sums satisfy

> M Z gu(n/N) = / u(y) dy + Ou(N™1) = Si(u) + Op(N ™),

n<N ’rL<N

uniformly for u € [0, U]; applying the same argument with 2u gives

3 SIn2nu/N) _ gi00) + Op(NY).

n
n<N

Substitution in (26) proves

qN<7J”LVe;> — 0(2)% [Si(u) - ;Si(Qu)}

uniformly on compact subsets of [0, 00). Since G(u) = 2 M is positive on (0, 7) and

negative on (7,27), u = 7 is the unique maximiser on every fixed interval [a,b] as in the
statement. Uniform convergence and the standard argmax lemma give the asserted convergence
of the window-restricted maximisers and values; the conclusion is local to the window |[a, b] of
the statement. O
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The 6*-independence of the short-end value has a one-line explanation. In the layer the
x

leading sums are the sawtooth series Y - sin(nz)/n = Z5% and 3, -, sin(2nz)/n = T2 for
€ (0,7), and %[% — ”f”] = % identically: the z-dependence cancels, which is the sawtooth

form of the #*-independence of ¢*°(071).

The two constants deserve comment. The relative first-layer peak 1.45514 exceeds the classical

Wilbraham—Gibbs value %Si(ﬂ') = 1.17898 for a plain jump. The reason is that Si(2w) is

the first local minimum of Si: the second harmonic reaches its maximal downward excursion

exactly where the first peaks, and the two excursions reinforce rather than cancel. And a

corresponding far-end discontinuity is recorded in Remark 6.6: the two one-sided limits at
—20%/k ___

T = 0" are io—Qge a full jump of size o3e=2"/% — while ¢"V(#*) = 0 for every N.
Remark 5.3 (Interpretation: the drift cost of the minimal completion). Three readings of
Theorem 5.2. (i) Kennedy’s half-delta is exact at finite span. For a random-field HJM with
spatial covariance kernel ¢(71, 72), the formal drift condition is a(7 fo T,u) du [33, 22, 39].
The cylindrical noise has ¢(7,u) = oge™2¥/%§(1 — u) dlstrlbutlonally (completeness of (8) in the
weighted space), and integrating a boundary delta with half its mass gives exactly %36_27/ .
The completion theorem turns this formal computation into a rigorous limit statement — and
shows the finite-6* corrections cancel identically, which the heuristic does not predict. (ii)
The jump is the shadow of Proposition 3.3. The same white-in-maturity noise that destroys
pointwise semimartingality shows up, after finite-dimensional repair and passage to the limit,
as an irremovable ag /2 discontinuity of the short-end drift. Arbitrage-free approximants exist
at every N, but their drifts develop a boundary layer of width 6*/N rather than converging
smoothly. Within this selected completion, maturity-local volatility therefore entails a singular
short-end HJM drift cost. (iii) Non-uniqueness of the completion is quantifiable. Loading noise
isotropically on both coordinates (C' = 0012 per block) gives instead, again as the first-span
interior limit on 0 < 7 < 6%,

QIOSOO( ) = 0(2) [6—27/5 + eﬁ* (€—2r/n _ e—T/K>:| '

Indeed, adding the cosine-loaded analogue of (23) to the sine-loaded term and using the same
series S, .99, 53 as in the proof of Theorem 5.2 gives

2
¢°(r) = % {6_7/“ [51(7') + /43_152(7)] - K_1€_2T/H53} .

The identities

6 ( *_T)/H K
2sinh(0*/k) 2’

K

S1(1) + w1Ss(7) = k1S3 = %coth(&*/n) 3

reduce this expression to the displayed formula. It has the doubled short-end jump 08, a genuine
O(k/0*) span correction, and changes sign when 7 > xlog(1l + 0*/k). The completion is a
choice; the sine-only one is canonical in that it adds no sources of randomness to [13]. The layer
profile is likewise a property of the sharp sine cutoff of Definition 5.1: smoothed truncations
(Fejér and its relatives) damp or remove the overshoot, so the Gibbs constant belongs to the
completion choice, not to the limit.
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5.2 No curve-valued limit

The convexity density converges; the curve laws do not, and not merely in stationarity. The next
statement makes this quantitative, and identifies what does survive: the bond-level functionals.

Proposition 5.4 (No curve-level limit for the equal-intensity completion). Start each completion
from a deterministic factor state, or more generally from an initial state independent of its
future Brownian noise. For every fized t > 0 and block n, the covariance contributed by the
stochastic convolution is

t 2
Valt) = [ e ds = B - M+ B0, [ Ra0)] = Ol
0
Consequently, at every fized T > 0, the stochastic-convolution contribution satisfies

2
OnKR
Varcony ftN(T) = -4

= 2p+ (1—e 2/")Ne™27/% 4+ Oy(log N) — oo,

and, whenever the initial state has a finite second moment, the total variance is at least this
quantity, with equality for deterministic initial states. The non-tightness conclusion itself
needs no moment assumption — only independence. The point-evaluation laws are therefore
not tight, and neither are the curve laws in H,, since evaluation is continuous there. In
stationarity the same formulas hold with (1 — 6_2t/”‘) replaced by 1. Bond-level functionals
survive: ||S(7)||2 = |CY2B(7)|? is N-uniformly finite.

. _ . . Te.
Proof. Since K,, = —k 15 plus a skew-symmetric rotation generator, efn5C,efn s is ¢=25/%

times a rotation of C,, = o2 diag(1,0). Its nonoscillatory part is %36_28/ "1, whose integral
gives the displayed scalar term; integration of the sine and cosine terms of frequency 2w,, gives
|Rn(t)]| = O(wy1). Now By (1) 1By, (1) = (2/6)e 2"/% and 3", .y wy! = O(log N). Inde-
pendence of the initial state and future noise makes covariances additive, proving the variance
bound. For the bond-level claim, I3 (7) = O(w;, ') uniformly on compacts, so > |I5(7)]> < 0o
uniformly in N. Finally, convolution with a centred Gaussian of variance tending to infinity
has concentration on every interval of fixed length tending to zero; therefore no choice of
independent initial law can restore pointwise tightness. O

The mechanism is structural. The arbitrage-free repair replaces the model’s decay A, =< n?
by the uniform 1/, and with it goes the mode-variance summability that made the cylindrical
field function-valued (Proposition 3.2). What converges is the convexity density (Theorem 5.2)
and the bond-return volatility structure: the limit lives at the level of bonds, not of the curve.
A distribution-valued or bond-level limit model — traded-bond semimartingales, an equivalent
martingale measure, cross-maturity consistency — is the natural next object, and is the first
open problem of §7.3. Thus, within this equal-amplitude cylindrical sine refinement and its
minimal finite-dimensional HJM completion, the calculation exhibits a trilemma: retaining
the maturity-local noise, imposing no-arbitrage at every truncation, and obtaining a function-
valued refinement limit — any two. For the completion, factor count is therefore economically
consequential rather than a numerical grid parameter: bond-return volatility functionals remain
controlled, whereas instantaneous forward-curve laws do not stabilize under refinement.

The third corner of the trilemma is not empty, and Proposition 4.11 says what lives there.
Give up the maturity-local noise for the isotropic trace-class loading of §4.7. Then the factor
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(a) block trajectories from vo =(1,0), n=2 (b) Gibbs layer: g"(0) =0, g*(0*) = 62/2, peak 1.455 x 03/2 (c) the two arbitrage-free completions
G = 1455 X0
0.7 G"NET6 1.0 4

—— sine-only: Ze 2" (exact, all 6 )
—— q", N=64

—— isotropic: +64 correction, sign change
0.6 - — q", N=256 0.8 4

0.5 dis:

0.6
0.4

q(T)
q°(1)

0.3 A 0.4 1

0.2 4
0.2 4
0.14

—— no-arbitrage ™ " (decay 1/k, rotation ly,)

0.00 = pier 0.0

0.0

T T T T T T T T T T T T T T T T T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.5 1.0 15 2.0 25 3.0 0 2 4 6 8 10 12 14 16
Vi T (years) T (years)

Figure 2: (a) Factor autocorrelation on block n = 2 (k = 4, * = 30): the arbitrage-free
dynamics eMn h spirals (decay 1/k, rotation w,), the model’s e *»" decays along a ray. This
is Corollary 4.5 in a picture. (b) The completion’s convexity: partial sums ¢’V against the
exact limit %36*27/ %: every ¢!V vanishes at 7 = 0 while the limit jumps to 08 /2; the Gibbs layer
narrows as 6* /N. The layer has the universal profile 0§ G(Nw7/0%), G(u) = 2[Si(u) —  Si(2u)],
with reinforced first-layer peak 1.455 x 03/2 near 7 = 6*/N (Theorem 5.2). (c) The two

arbitrage-free completions of Remark 5.3(iii).

drift MT of the completion carries an H,,-valued curve, no-arbitrage holds at every resolution,
and the question becomes how much of the model’s curvature term can be kept in the historical
drift at a finite price. Let ® := 0, + s~ !, which acts on the block V}, as w,J, and for a scale
v > 0 (in years) consider the mollified generator, as a formal expression on quasi-exponentials,

—v2w2 /2
)

~ K v2 o2
A, =0+ 5872—6 z? s pu(zn) = Zn +wn(p(zn) - Zn)v Wnp = €

V2 —
with entire symbol p,(2) = z + § 22¢'2 (=% ) The definition that carries the mathematics is
blockwise: K, := @, p,(M,)", and by the block calculus of §4.7 p, (M,)" = (1 — w@,) M,] +
wn p(M,) ", the convex combination of transport and the model’s drift. The multiplier has
2
=92
2

a reading in the model’s own terms: since %@2 = A+ i as formal expressions, e is

ev*/(25%) times the formal flow e/ KA 5o the curvature penalty is applied to the curve after
the cylindrical flow has acted on it for v?/k years. This is the formal calculus of §3 on the
doubled envelope, not the closed Dirichlet semigroup, which does not preserve the cosine
partners; on the sine eigenspaces the two agree. In the notation of (21), |0,(v)| = wp A, and

kn(v) = 671 — dywy,, with k,(v) — 5= = 522 + Swlw, >0, so

T 2k 2K
w22 .
5]\/'(1/) = Z m, 8(1/) = ]\}gﬂoo(c;]\/‘(l/) < 00 (V > O),
n<N nWn
and 9
W)~ 2173 (v 0).

~ v
227

For the asymptotic, write k,(v) = a,, + u, with a, := (1 — w,)/k and u,, := wyA\y; then e, =
uZ /(an+uy) and 0 < uy, — e, < min(ap, up). The main term Y, up = 53, w2wn + o= >, @n

is, up to O(r~2), the Riemann sum with spacing 7/0* of the unimodal function %wQe_”2w2/2,
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whose integral is §1/7/2v73, plus an O(v~!) term. The remainder is o(v~3): splitting at
w = L /v, the blocks below contribute at most > a, < > v2w?/(2k) = O(L3v~1), and those
above at most > u,, which is v~ times a Gaussian tail integral that vanishes as L — co. By
Proposition 4.11, for every v > 0 the infinite factor laws are equivalent. The mollified curvature
term is carried entirely by the historical drift, as an essentially affine risk premium in the sense
of Remark 2.10; under the pricing measure the factor drift is the completion’s M . The symbol
test of Theorem 4.3 still fails on every block: the defect is the model’s, scaled by w,. Its
price is \/En(v), the stationary root-mean-square of the maximal Sharpe ratio the premium
commands in the Nth truncated market, with /&(v) its limit (Remark 4.12(ii)). What is
bought is modest and exactly measurable: the fraction w,, of the curvature term kept on block
n. At the reference calibration a Sharpe ratio of 0.4 corresponds to v = 5.7 years, where w,, is
0.84, 0.49 and 0.20 on the 60-, 30- and 20-year modes, 0.06 on the 15-year mode and below
0.02 beyond: the curvature penalty survives on the longest wavelengths only. The Gaussian
damping is one choice among many: within the block-diagonal class of Proposition 4.11, any
blockwise deviation from transport with >° [6,|?/k, < oo is admissible, and only the v =3
asymptotic and the calibration above are specific to w, = eV wn/2, Keeping the model’s drift
exactly on the two longest modes and transport elsewhere costs as much as v = 4 (both give a
Sharpe ratio of 0.60). What this corner gives up is the cylindrical noise itself: with o, = o¢ the
stationary variances 03/(2k,) do not sum. The short-end cost of Theorem 5.2 therefore does
not arise here, and the case for one shock per maturity that motivates the model is met no
better than by the completion (§7.3).

5.3 The long end

One question remains before the spread is restored. In any arbitrage-free model the long
zero-coupon rate, where it exists as a limit, is almost surely nondecreasing [16]; the general
rigorous proof is [27]. Does complexification interact with this long-maturity rigidity of Gaussian
HJM models? It does not, in either direction.

Proposition 5.5 (DIR and complexification are orthogonal). In a model of Assumption 2.6:

(i) every stable oscillatory block satisfies |By(7)| < Ce™°T — 0 for some § > 0 and has
bounded Iy(7), so L1,(1) "Xy — 0: complez modes contribute nothing to the long yield;

(7i) with no level mode (ker M = 0) the whole factor contribution to the long yield vanishes;

(i1i) a level mode with Creg # 0 — wvolatility-loaded or cross-loaded, the same condition — has
Io(7) = by and forces q; to grow linearly with slope b%eOTCteo, the standard Gaussian-HJM
long-end pathology; a level mode with Cieg = 0 is frozen, and so is its contribution to the
long yield.

The long-end behaviour thus depends only on the (generalised) kernel of M and on how volatility
loads it: complexification neither causes nor cures anything at the long end.

Proof. For the model class, consistency holds for every initial state, so BTx = g — g € H,,
for every z, i.e. every component of B lies in H,,. Controllability makes B(0) cyclic for M
(Lemma 2.4), so each Jordan cell of M contributes its top chain function to the components
of B; H,-membership (§2.1) then excludes exponents with Re A > 0, undamped oscillations,
and any Jordan tail over the kernel. Hence, in real Jordan coordinates, B(7) = bpeg + Bgec(7):
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an at most one-dimensional constant level loading on ker M = kerge, M, and a strictly stable
remainder with |Bgec(7)| < Ce™" for some § > 0.

(i) Oscillatory blocks. They lie in Bgec, and M, is invertible (w # 0), so Ip(7) = Mb_l(eMbT =
1)B,(0) is bounded; for every fixed t, 1I,(1) X, — 0 surely. Complex modes contribute
nothing to any long-maturity average, in particular not to the long yield.

(ii) No level mode. If ker M = 0, the bound applies to all of B: I is bounded and the factor
contribution 1I(7) "X, vanishes in the limit.

(iii) Level mode. With I(7) = 7boeg + Igec(7), Lgec = fOT Bgec bounded, and B(7) =
boeo + O(e™07),

g (1) = B(1) TCiI(7) = b2 e Creg + o(T).

Since Cy = 0, eJ Creg = |/ eg|? vanishes exactly when Cieg = 0: volatility-loaded and cross-
loaded are the same condition, and there is no third case. If fg eg Cseqds > 0, (6) gives ¢; a
term linear in 7 with that integral times b3 as slope. The curve then leaves H,, (nonconstant
affine tails have infinite norm, Theorem 4.3(b)), and the long yield lim, £ [ f; is +oo for such
t: the standard Gaussian-HJM long-end explosion, of which the Ho—Lee check (Remark 2.9)
is the n = 1 instance. If instead Cieg = 0, then also eg Cy = 0, every term of ¢ containing
the level direction dies, and ¢;(7) = Bgee(T) T Cilgec(7) = O(e™°T). Moreover the level factor is
constant in time (drg = e M ' X dt + e Xy dW = 0 because Mey = 0 and 3/ eg = 0), so the
long yield exists and is frozen: trivially consistent with [16], with nothing left for the pathology
to act on.

Every statement above depends only on ker M and on Cieg; no oscillatory quantity enters
any of them. That is the orthogonality claim. O

Remark 5.6. The finite Oy, of [13] is a deliberate choice made precisely to sidestep the § — oo
regime, with [16] cited; on a compact maturity interval the theorem does not apply. The accurate
statement is conditional: the stationary Gaussian structure does not extend to y,.x = oo, and
[13] calls the limit “not innocent.”

That completes the analysis at fixed spread intensity: the model is repaired at every N, the
cost of the repair — its HJM convexity, in the sense of Remark 5.3 — is computed exactly, and
the refinement limit is characterised and shown not to be a curve. One feature has been held
fixed throughout — the spread that multiplies the deformation — and the next section restores
it, to see whether the cost survives.

6 The cost survives the stochastic spread

The model multiplies its deformation by a stochastic spread s;; §§4-5 held that spread fixed,
and the obvious objection to Theorem 5.2 is that its exact cost is an artefact of freezing it.
This section restores the spread and shows that it is not. The algebra closes in two conventions.
In the affine convention the squared intensity v; = s? is a CIR factor and the deformation
is conditionally Gaussian (§§6.1-6.4). There the short-end coefficient —o2 /2 is conserved at
every vol-of-vol, unrenormalised (Theorem 6.4), and what stochastic intensity costs instead
is an existence boundary, exact for the infinite-span surrogate (Theorem 6.5). In the bilinear
completion convention, (sy, Xy) is jointly Gaussian, the product s;X; is represented literally
as a quadratic state, and the closure is studied under an explicit recovery normalization
(8§86.5-6.7; Remark 6.13 records what the normalization leaves aside). There no-arbitrage locks
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the generator and requires spread mean reversion to be slower than the target deformation
decay (Theorem 6.12), and the same short-end coefficient is recovered on the n = 0 slice
(Proposition 6.15). Existence of the finite-dimensional coefficient system at each truncation is
decided by a determinant (Proposition 6.16); the short-end value at positive vol-of-vol is the
open problem of §7.3. The affine convention answers the objection: in its uncorrelated form the
short-end coefficient belongs to the maturity-local noise. Intensity scales it and adds its own
terms away from the short end, but does not renormalise it, while the rest of the loading and
its existence domain do change with the intensity. The bilinear convention makes visible what
no-arbitrage demands of the spread itself.

6.1 The affine completion and its closure

The first convention makes the squared intensity v; = s? a CIR factor, so that the deformation is
conditionally Gaussian and the closure of §5 can be redone with a stochastic source. Statements
are at general N because the X-sector closure is block-diagonal and the v-sector is scalar with
additive source: the one-block calculation extends by summation.

Assumption 6.1 (Affine completion). Fix N and the data of Definition 5.1. The curve family
is
fi(m) = i) + (1) v + B(7) T Xy,

with ¢; deterministic, ¢ € C', ¢(0) = 0 (a normalisation; Remark 6.9), and dynamics
dX; = KX, dt + o SdWy,  dop = A0 — o) dt + 93/o; dZ,

A\, 0> 0, 2\0 > n? (Feller), ¥ the sine-only loading of Definition 5.1, and d(W2. , Z); = p, dt

sin?
with > p2 < 1. Normalise © = 1, so the frozen completion is recovered as n — 0, vg = 1. This

fixes the reference initialisation; consistency in Proposition 6.2 means that the drift identity
holds for every initial (x,v) in a nonempty open subset of R?Y x (0, c0).

Proposition 6.2 (Closure; conditional locking). Write b3 (1) = \/2/0* e~ 7/*sinw, 7, I:(1) =
fOT by, and V(T) := fOTQ/) The model of Assumption 6.1 satisfies the drift condition (3), with
the preceding every-initial-state consistency quantifier, if and only if

(i) K=MT;
(ii) ¥ solves
V(1) = =2() = ¢V (1) = PU(r)U(r) = noo Y palB(1)U(r) +B(DI5(D)]; (27)

n<N
(iii) pi(1) = (1) — AV (7).
For p = 0 the integrated form of (27) is the CIR-type Riccati
772 T
U = -\ — 5\1/2 - QN, QN(r) = / ¢~ (s) ds. (28)
0
Spectral locking survives conditionally: spec K = spec M on the deformation sector, so Corol-

lary 4.5°s signature holds for the conditionally Gaussian factors, with one additional real
eigenvalue —\, which does not precess (Proposition 6.8).
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Proof. Volatility matching gives o(1) = /vr (B(7) "%, n¢(7)), so the required drift (3) is
Vg [qN + 2PV + noy Do rn(b5V + ¢I,§)] — linear in v; with no constant part, consistent with
the diffusion vanishing at v = 0. The model’s drift is ¢; + A\(? — v) + BT KX;, while (2)
demands ¢} + ¢'v; + BT M "X; + o;. Matching X-linear terms forces K = M exactly as
in Proposition 2.7 (consistency in the state, then Lemma 2.4), and v-linear terms give (27).
Deterministic terms give (iii), whose solution is ¢;(7) = po(T +1t) — Av f(f (T + 1t — s)ds; the
mean intensity feeds the loading through the deterministic sector, and no global sign of 1 is
needed. Blocks are additive in both the X-matching and the source of (27), which reduces
general N to N = 1. O

Remark 6.3 (Consistency; strictness). (i) At n =0, A =0: v = vg and ¢ = — [ ¢"; the identity
(1) —Y(r+t) = fT+t ¢" (s) ds (immediate from 1) = — [ ¢") shows the static loading vo)
reproduces the transport (6) of the frozen completion exactly — the two constructions are
the same model in different coordinates. (ii) At n = 0, A > O (deterministic time-varying
intensity, still inside Proposition 2.7’s class) , YN = f T e MTs) (s) ds is quasi-exponential
with exponent set

{=A} U {—f Fiwn} U {2} U {2 £2iw,},

the beat lattice of Remark 2.11 plus one intensity mode: the lattice closure under beats — the
“structural felicity” — is load-bearing here, keeping the strict realisation finite. (iii) For n # 0,
equation (27) is nonlinear and the quasi-exponential closure argument in (ii) no longer applies.
The curve family remains finite-dimensional and affine.

6.2 The short-end cost under stochastic intensity

With the affine closure in hand, the question is whether the short-end cost of Theorem 5.2
survives the stochastic intensity or is renormalised away by it. It survives, one derivative down.

Theorem 6.4 (The cost is conserved, demoted one derivative, and unrenormalised). Let ¢

2
solve (27) with source ¢V, and Y™ the solution with source ¢> = %06_27/“, both with 1 (0) =
and the same parameters, with p =0 for the surrogate comparison. Then:

(a) Let 1o be the maximal existence time of the surrogate Riccati flow driven by ¢*°, and
let Ty denote the (generally different) maximal time for the finite-N flow. For every
T < min{6*, 7o}, one has Ty > T for all sufficiently large N and

sup_ [ (r) — ()] — 0.

0<7<T
Thus the 0*-independent surrogate is the rigorous loading limit on the first span.

(b) For every finite N and every admissible p, ™" (0) = (1p™)'(0) = 0. For the p = 0 surrogate,

2
(=) (0T) = 7%0 exactly for every (\,n,v). Vol-of-vol does not renormalise this right
derivative (a statement at T = 0%, on the existence interval, which always contains a
neighbourhood of 0).

(¢) The first boundary layer survives one derivative down: uniformly for u in compact subsets

Of [07 Oo)?

Wy () — ~otcto)

41



In particular the limiting first-layer profile has a strict local minimum —G(ﬂ')og at u = m.
2 — 2T /K — AT . 2
(d) At n /: 0, v°(r) = —-%= %7 degenerating to —%¢ Te27/% at the resonance
A=2/k.

Proof. (b) is structural: at 7 = 0" every term of (27) except the source vanishes (¢(0) = ¥(0) =
b2 (0) = 0), so ¢'(0F) = —q(0%); ¢V (0) = 0 for every N while ¢*(07) = 02/2 (Theorem 5.2).
(a) Take p = 0 and set 6 = ¢ — >, D = N — ¥, Subtracting the two copies of (27) gives
not a scalar equation for § but the linear system

D=4 §=-A+0UV)s —n*y>D — (¢ - ¢™),

whose coefficients are bounded on any interval where the two flows exist. The Fourier repre-
sentation in the proof of Theorem 5.2 gives a uniform bound for the partial sums on [0, 7]
and pointwise convergence away from 0; dominated convergence therefore yields ¢V — ¢
in LY(0,7). Gronwall applied to |D| + |§], together with standard ODE continuation, gives
existence through T for all large IV and the stated uniform convergence. This argument uses
T < 0* essentially. (c) In the layer ¥ = O(7) and ¥V = O(7?) uniformly on compact
u-windows, so (V) = —¢"V + o(1) and (25) applies with a sign flip. (d) Direct integration of
the linear equation 1)’ = —\i) — ¢*°. O

Under the limit, v; ¢*°(7) is the maturity-white/X-sector contribution to the HJM drift. When
n > 0, the full drift also contains the intensity and cross-covariance terms displayed in (27):
the source term alone is not the whole instantaneous convexity.

6.3 Existence, and what the surrogate costs

A Riccati loading can escape at finite maturity, and the affine completion is usable only where
it does not. On an idealised infinite-span source the boundary is exact.

Theorem 6.5 (Existence boundary). Take p = 0 and, as an idealised infinite-span surrogate,

the source ¢ (1) = %‘2)6_27/” on all of [0,00) — the interior limit of Theorem 5.2 extended
beyond the span (Remark 6.6 records the fived-span correction). The solution of (28) is global
on [0,00) if and only if

A > noo\/K/2, equivalently N> 29%Qs, Qoo ::/ q>°(s)ds = ——.
0

Below the boundary, ¥ | —oo at a finite 7*(\,n), and bond prices — exponential-affine with
v-exponent —V (1) — are infinite for maturities beyond T*; T 1 00 as A 1 naom. The
criterion is the CIR exponential-moment condition for E[exp(@oo fo Vs ds)] < oo; see [4] for
the moment criterion.

Proof. ® := —W¥ > 0 satisfies ' = §<I>2 — A0 + Q(7) with Q(7) = OT G° T Qoo- If n =0, this
is a linear equation and is global. Assume henceforth n > 0. If A2 > 2?Q, the autonomous
majorant with source Qo has fixed points @1 = [A £ /A2 — 29?Qu] /0%, and the trajectory
from ®(0) = 0 < ®_ is trapped below ®_: global existence. If A2 < 21n?Qqo, choose Ty with
Q(1) > Q > X2/(2n?) for T > Ty. The autonomous minorant with source Q has no fixed points
and a vector field bounded below by a positive constant plus the quadratic, so it blows up
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in finite time, and comparison forces ® to do the same. Finally, on the subcritical side the
blow-up time is bounded below by that of the autonomous majorant with source (Qss, whose
vector field has no real roots, so

o0 2arctan(A//2n2Qsc — A2
T > / 5 dé _ mhcarc an(z/ il Cj ) — as A T noov/K/2,
0 ff¢’ _'A¢)+'Cgoo V 2ﬁ C?oo“'A
which is the stated divergence of 7*. O

Remark 6.6 (The fixed-span completion; surrogate accuracy). Theorem 5.2 identifies ¢* only
on (0,60*). The quasi-exponential continuation of the fixed-span completion differs beyond the
span: on (6*,20%), )
Gpan(T) = e 27/% — e/

— negative on this second span. This follows by inserting 7 = 0* + u, 0 < u < 6*, into the
periodic Fourier sums in the proof of Theorem 5.2: the first-harmonic sum changes sign, whereas
the even-harmonic sum is unchanged. Thus its left and right limits at 6* are respectively
%36_29*/” and —%(2)6_29*/H1 the full two-sided jump has size 036_29*/”
sum takes the midpoint value ¢ (§*) = 0.

For completeness, the fixed-span continuation is well-defined on the whole half-line. In the
Fourier representation used in Theorem 5.2, the partial sine sums with coefficients wy, / (k=2 +w?)
are uniformly bounded, while the remaining coefficient sequences are absolutely summable.
Consequently, for a constant C' independent of N,

|qN(7')\ < C(e*T/” + 6727/'{), 7> 0.

, although every finite

The Fourier series converges pointwise away from the lattice §*N (and to its midpoint values
on that null set); call the a.e. limit ¢g5,,,. Dominated convergence on [0, 00) then gives

QP (1) ::/ qsogan(s) ds, QP*(1) — lim qN(s) ds.

Termwise evaluation of the absolutely convergent terminal series yields the true terminal
convexity mass

2 *

. ogR 0

QP .= lim QY (o0) = “%~|cothy — y csch? y], y=—,

N—00 4 K

strictly below the surrogate’s Qoo = 03r/4. The preceding domination proves both Q%Pa1(7) —
% and sup,sq |QP*(7)| < co. This terminal mass does not give an if-and-only-if existence
criterion because Q*P?" need not be monotone and can overshoot its limit. Writing Q""" :=

sup,>o @*P*(7) < oo, comparison for ® = —V gives the rigorous bracket
2> 292Q""  —  global existence, global existence = A% > 2p2Q%an,

The first implication uses the autonomous majorant with source Q" ; the second follows
because if the terminal discriminant is negative, the source is eventually bounded below by a
supercritical constant. Finally,

span
00

Qoo

so the relative correction is O(ye~2Y), about 107> at the reference y = 7.5.

=1+ (2—4y)e ¥ +O(ye ),
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Remark 6.7 (DIR companion). Conditionally Gaussian rates are unbounded below, so bond
prices are exponential moments of integrated intensity; Theorem 6.5 says the total convexity
mass o3k /4 must be an admissible such moment. This is the not-innocent-limit phenomenon
of §5.3 resurfacing in the vol-of-vol direction: the affine extension prices maturity-white risk
globally only while mean reversion dominates nog \/m The “not innocent” caution of [13]
acquires a second exact instance.

6.4 Where complex spectrum may not live

The deformation sector carries rotation freely. The intensity sector cannot, and the reason is
positivity rather than anything spectral.

Proposition 6.8 (Precession constraints in the intensity sector). Suppose more generally
that m intensity factors v € R drive the deformation covariance, with affine dynamics
dv = (a + Kv) dt 4 diag(n;\/v;) dZ. Invariance of the cone RT' (admissibility, [14, 18]) requires
the drift to point inward on each face: a > 0 and K Metzler (nonnegative off-diagonal). For
m < 2 the spectrum of a Metzler matriz is real. For m > 3 complez pairs occur (cyclic feedback)
but are confined to a Perron sector: rotation is bounded by decay relative to the Perron root
(Dmitriev-Dynkin—Karpelevich-type sector theorems; [5]). In particular the model’s scalar
spread (m = 1) cannot precess, and no two-factor intensity can. Higher-dimensional positive
cones may carry complex pairs, but only under the Perron-sector restrictions just described; in
particular they do not admit an unconstrained isolated two-dimensional rotation block.

Proof. Admissibility. At a face point v > 0 with v; = 0, the i-th diffusion entry 7;,/v; vanishes,
so invariance of the cone requires the drift to satisfy a; + > ki Kijvj > 0 there; v = 0 gives
a; > 0, and v = Te; with T — oo gives K;; > 0 for j # i. (With the Feller strengthening on
each face these conditions are also sufficient; [18, 14].)

m < 2. m =1 is trivial. For m = 2 the characteristic polynomial of K has discriminant
(K11 — IC22)2 + 4K12K21 > 0 because the off-diagonal entries are nonnegative: the spectrum
is real. (Equivalently, read on a rotation cell: the boundary drift 03|,,—0 = —wwv1 must be
nonnegative, forcing w = 0.)

Isolated blocks. Every principal submatrix of a Metzler matrix is Metzler; a decoupled 2 x 2
intensity block would be 2 x 2 Metzler, hence has real spectrum. No admissible intensity sector,
in any dimension, contains an isolated rotation cell.

Perron sector for m > 3. Set cg := max;(—K;y)T, so P := K + cgl > 0 entrywise. By
Perron-Frobenius [5], p(P) € spec P, so the spectral abscissa « := max Respec K is attained by
a real eigenvalue and p(P) = o + ¢o. Any eigenvalue u = £ +i¢ of K has |u + ¢o| < p(P), i.e.

< (a—§&)(a+E+2):

rotation is bounded by the decay gap to the Perron root, at the scale set by the diagonal.
Complex pairs do occur — the cyclic 3 x 3 permutation matrix has spectrum {1, eF2mi/ 31 and
saturates the bound — but an unconstrained rotation pair, £ = a with { # 0, is excluded,
since there ¢(? < 0. Sharper sector theorems (Dmitriev—Dynkin-Karpelevich) are in [5]. In
the conditionally Gaussian construction the rotation cells sit in the X-fibre, unconstrained by
positivity; only the intensity carries the cone restriction, and for the model that intensity is
scalar. O
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Remark 6.9 (Gauge freedom; what remains open). ¥ (0) = 0 is a normalization, not a necessity:
changing it changes the short rate’s direct intensity loading and hence the Riccati source.
Likewise, adding a vector gyv; to the X-drift redistributes terms between the scalar and
factor sectors. Any assertion uniform in N must impose a structured-gauge condition such as
supy |Bn(0)T gn| < 00; a uniform ¢2 bound on gy alone does not imply this, because By (0)
has N nonzero cosine coordinates. The completion freedom of Remark 5.3(iii) therefore persists.
The gauge condition stated here is what is needed for conclusions that are uniform over finite
truncations.

That closes the affine convention. The completion’s closure exists with a stochastic source
(Proposition 6.2). The short-end coefficient is conserved and unrenormalised at every vol-of-vol
(Theorem 6.4). Its price is an existence boundary, exact for the infinite-span surrogate and
bracketed for the fixed span (Theorem 6.5, Remark 6.6). And rotation stays confined to the
deformation sector (Proposition 6.8).

The affine convention is, however, a surrogate: it carries the spread through its square. The
model’s own algebra multiplies the deformation by s; itself, so StB(T)TXt is bilinear when
(s¢, X¢) is jointly Gaussian, and the literal reading lies in the quadratic-Gaussian class [2, 34].
Within polynomial term-structure families, degree two is the last nontrivial case under the
hypotheses of the maximal-degree theorem [20], so the bilinear family is the natural terminal
member of that class. The construction below fixes a recovery normalization and studies the
finite-dimensional HJM closure it induces; what no-arbitrage asks of the spread itself becomes
visible only here.

6.5 The bilinear channel: quadratic-Gaussian family and normalization

Here is the family, together with the normalization under which its closure is studied.

Assumption 6.10 (Quadratic—Gaussian family and recovery normalization). State Z; =
(St,Xt) S R1+2N with

_ _ (=B 0 _(Bs
dZt—(AZt+a)dt+Ath, A—(O K)o a = R
6,5 >0,V := AAT with spread variance n2, the sine-only deformation loading C' of Defini-
tion 5.1, and spread—deformation correlation p (set to 0 in the displayed specialization). Curve
family

f(T) = or) + (1) Zi+ 2/ G(1) 2, b= ( Y > G-= ( J 57T>
t ’ bX ) % ~ H )
where G(7) € S'2N and H(7) € S?V are symmetric. The symmetry is part of the parametri-
sation, not a restriction on the model: adding a skew H,(7) leaves the curve f; unchanged
while altering the coeflicient system, so only the symmetric part is identified. The family is
indexed by n with 8, §, K and the deformation loading C' held fixed, which is what allows a
normalization imposed at n = 0 to constrain the family. The recovery normalization is a model
choice: for every 7 in the family set ~, (0) = B(0), together with g,(0) = 0, H,(0) = 0, and
bx ,(0) = 0; at = 0 require in addition that the bilinear loading reproduce the completed
deformation loading, «v,(7) = B(7). The normalization is not a consequence of no-arbitrage.
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Without it, the n = 0 bilinear equation admits, for every K, the loading v(7) = e(KT_Bl)TB(O),
and nothing locks.

On every maturity interval considered below, b and G are C! in maturity, ¢ is jointly C*
on the corresponding maturity—time triangles, and the integrability hypotheses of Lemma 2.1
hold. The matching equations below are identities between coefficients, maturity by maturity.

Proposition 6.11 (QG-HJM matching). Require (3) for every initial state in a nonempty
open subset of RYT2N | equivalently as a polynomial identity in the current state. The model of
Assumption 6.10 is then consistent if and only if, with Gi(7) := [{ G and by := [ b,

G =A"G+GA- 2(GVG; + GVG), b =A"b+2Ga — 2(G/Vb + GVby),
and oy = @, +b"Vb; —a'b — tr(GV).
Proof. For fixed 7, Itd’s formula gives the family’s drift, by polynomial degree in z, as
¢t + b a+tr(GV) + (ATb+2Ga) 2+ 2T (ATG + GA)z,
and its Brownian loading is (b + 2Gz)" A. The HJM covariance term is
(b+2Gz) V(b +2G;2).
Its constant, linear, and symmetric quadratic coefficients are respectively
b'Vb;,  2(G;Vb+GVb;), 2(GVG;+G,VG).

Equating these coefficients with those of 0. f; proves the displayed system and the scalar
transport equation. Conversely, substitution makes the polynomial drift identity hold, proving
sufficiency. O

That is the matching system; the next subsection reads off what the recovery normalization
locks in it.

6.6 What the normalization forces

Matching is now a matter of reading the block system, and three things fall out of it: the
generator is locked, the spread must be slowly varying, and the family is not closed under
no-arbitrage.

Theorem 6.12 (Structure forced by the recovery normalization). Impose the recovery normal-
1zation. Then:

(a) (Conditional gauge locking.) Given the recovery normalization, the bilinear block forces
K = M + 1, uniquely; no-arbitrage alone does not lock (Assumption 6.10). Only the
products are observable: the homogeneous bilinear s,X; block has drift coefficient M.
When § # 0, the full product drift also contains the affine source 55Xy, correspondingly
the augmented observable system retains the spectrum of K. The split of homogeneous
decay between s and X is invisible in the product: (s,X) — (cs,X/c) fizes sy Xy for
every ¢ # 0, and it extends to a gauge of the whole curve family only when the linear
and quadratic loadings and the parameters are transformed to match. Spectral locking
(Corollary 4.5) holds on the homogeneous bilinear block.
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(b) (The spread must be slowly varying.) spec K = 3 — % +iwy,: the state is stationary iff
B < 1/k — the spread must mean-revert more slowly than the deformation decays.

(c) (Generated blocks.) The bilinear family is not closed: the drift condition generates exactly
three completion blocks — an s*-loading g sourced by the convezity, a matriz XX -loading
H sourced by the spread’s vol-of-vol, and a linear X-loading bx sourced by the mean
spread. At p =0 the closed system is

g =-28g—~'Cv;—4n’ggr,

v = M~y —20%(gv; + grv) — 2(HCv; + H[C),
H = K'H+ HK — 2(HCH; + HICH) — 2 (v7] +7:7"). (29)
V' =-BY +285g —20*(Ygr + Y1g) — (v Cbx +~v'Cbx 1),

v« =K"bx + 85y —*(Y~y, +Yry) —2(HCbx; + H/Cby),

Here subscript I denotes fOT. Atn =0, H=0 and v = B exactly, while

g(t) = —/ eiQﬁ(Tfu)qN(u) du.
0

This is quasi-exponential, with {—28} adjoined to the beat lattice of Remark 6.5.

Proof. (a) The sX-block of the G-equation with the recovery normalization v = B at n =0
reads B’ = (KT — 1)B, i.e. (K" — 31— M)B(7) = 0 for all 7: the constant matrix annihilates
span{B(7) : 7 > 0}, which is all of R?¥ by controllability (Lemma 2.4), so K = M " + 1,
uniquely. The homogeneous bilinear coefficient in d(sX) is =31 + K = M ; when 5 # 0 the
same It6 calculation also gives the affine term 55X dt. (b) Immediate from (a). (¢) Substitute
the block forms of G, A, a, V into the matrix system of Proposition 6.11 and read off the
(s,5)-, (s,X)- and (X, X)-components: this yields (29), and the three sources are the ss-, XX-,
and s-linear components of —2(GV G+ G;VG) and 2Ga. At n = 0 the H-source vanishes
and H(0) = 0 gives H = 0, whence v = B exactly and the g-line integrates in closed form. [

Remark 6.13 (Endpoint scope). The model of [13] imposes Y (0) = 0, Y (6*) = 1, and Dirichlet
conditions on the deformation. Those conditions are not imposed by the recovery system. In
particular, v(0) = B(0) contains cosine coordinates, whereas the model’s deformation vanishes
at the short endpoint. This is therefore a completion of the selected bilinear algebra under a
recovery normalization, not a literal recovery of the model’s endpoint conditions.

Remark 6.14 (Linear—quadratic relation). By Ito, d(s®) = [n* + 285s — 23s%] dt + 2ns dZ;
setting dZ := sgn(s¢) dZ, a Brownian motion by Lévy’s characterisation, turns the diffusion into
2ny/vdZ. In the central case § = 0 — outside Assumption 6.10’s 5 > 0, and taken here only as
the comparison point — the squared spread is then CIR with (A, v,7,) = (26, %, 217), at the
Feller-violating corner, as it must be (an OU process crosses zero). The loading comparison
below is unaffected by v, which enters only the deterministic transport. Under this map the
g-line of (29) with « frozen to B is identical to the ¥-equation (27). So §6.1 is the central, level-
blind case (cf. the linear-quadratic equivalence of [10]). The additional QG content is exactly
two channels absent from §6.1: the vy-flow, i.e. curve volatility from X ds — the deformation
level times the spread’s vol-of-vol — and the matrix sector H.
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Proposition 6.15 (Finite-truncation short-end identities). For every finite N and every
parameter set on the local existence interval, g™ (0) = (¢™V)'(0) = 0. In the exactly solvable case
n =0 one has H =0, v = B, and, on the first span after passing to the interior completion
limit,

goo(T) _ _ﬁ 672T/K? . 672[37'
2 28k—2
with the resonant value g*°(7) = —%376_27/“ at B = 1/k. Consequently (¢°°) (07) = -0} /2,

and on fized first-layer windows

uf*
Y (3 ) — oGt
Proof. At 7 = 0 all integrated loadings in the g-equation vanish, giving the finite-N identities.
When 7 = 0, the system reduces to g’ + 28g + ¢V = 0 with g(0) = 0. The displayed formula
follows from Theorem 6.4(d) under (A, n,) = (28, 0); the first-layer limit follows exactly as in
Theorem 6.4(c). O

Both identities hold at every finite N. Whether the loading that carries them exists at every
maturity is the remaining question.

6.7 Finite-truncation existence

What remains is whether the bilinear loading exists at every maturity. At fixed N that question
has an exact answer, through the linearisation of the loading Riccati.

Proposition 6.16 (Finite-dimensional QG existence domain). For every fized finite N, the
integrated loading solves the autonomous matriz Riccati equation

G, =G0)+A'"G;+GA-2G;VG;,  G(0)=0.

<I[/I]/)/:<C:£) ,24‘4> <g/> U@)=1, W(0)=0,

then Gy = WU~ until the first positive zero of det U. Thus the finite-N flow is global if and
only if det U(7) # O for every T > 0. On this mazimal interval, G = G’ is finite. For each
prescribed value of the otherwise unconstrained scalar coefficient Y (0) (with bx(0) = 0 as in
Assumption 6.10) and each admissible initial deterministic curve @, the remaining loading
equations for b and ¢ have unique solutions. Thus the same determinant gives the mazximal
maturity interval of the full finite-dimensional HIM coefficient system, subject to those initial
data.

If

Proof. Integrating the first equation of Proposition 6.11 and using G;(0) = 0 gives the
displayed autonomous Riccati equation. Wherever U is invertible, differentiation of WU ! and
substitution of the two linear equations give

WU Y =G0)+ AT (WU Y)Y + WU HA- 200U Yy (WU ).
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Uniqueness for the Riccati initial-value problem therefore yields G; = WU ~!. Conversely, if
G exists on [0, 7], define U there by the linear equation U’ = (= A+ 2VG)U, U(0) = 1, and
put W := GU; the pair solves the displayed Hamiltonian system, and Liouville’s formula

detU(7) = exp/ tr(—A+2VGy(u)) du
0

shows det U never vanishes on [0, T]. Hence the maximal interval ends precisely when the graph
chart loses invertibility, i.e. at the first positive zero of det U.

Once Gy is finite, the Riccati equation makes G = G/, continuous. Adjoining b}, = b
rewrites the second matching equation as the inhomogeneous linear system

i b; - 0 1 b; 0
i\ ) T leery AT —2c,v) \b ) T laga)

Its coeflicients are continuous on every compact subinterval of the Riccati existence interval, so,
for by(0) = 0 and the prescribed b(0), the loadings by and b extend uniquely throughout that
interval. With

r(t):=b'Vb; —a'b —tr(GV),

the scalar equation is ¢y = ¢} + r. For prescribed ¢ its characteristic solution is

SDt(T):(PO(T-i-t)—I-/O r(T+t—s)ds,

wherever 7+t remains in the same interval. Hence no other coefficient can shorten the maximal
maturity interval on the corresponding maturity—time triangle. O

A zero of det U is the maturity at which the exponential-quadratic loading system ceases to
exist, and with it the family’s bond of that maturity: an existence boundary of the model, not
an arbitrage strategy or an empirical estimate. For the p = 0 minimal recovery-gauge system,
[42] proves that on each compact [, 8+] C (0, £71) there is an explicit 79 > 0, independent of
N, for which every finite truncation is global whenever 0 < n < .

The bilinear calculation is the finite-dimensional HJM closure of the selected spread-—
deformation algebra under the recovery normalization: it identifies the observable product drift
and the polynomial blocks no-arbitrage forces, and Remark 6.13 records what the normalization
leaves aside. Proposition 6.16 decides existence exactly at every fixed truncation; certifying the
absence of conjugate points on the whole half-line at positive vol-of-vol is the global problem
taken up in [42].

Within that scope the affine calculation answers the objection with which the section opened.
In the uncorrelated affine convention, the maturity-white/X-sector short-end coefficient —o3 /2
is conserved at every vol-of-vol. Stochastic intensity nevertheless changes the remaining loading
and can impose the existence boundary of Theorem 6.5. In the bilinear completion convention,
no-arbitrage locks the homogeneous product generator, requires the stated stationarity inequality,
and generates the additional completion blocks; the same coefficient is proved only on the
exactly solvable n = 0 slice. Thus the invariant is the short-end coeflicient of the X-sector
source, not the full stochastic-intensity drift: the intensity scales that coefficient and adds
its own terms away from the short end, but does not renormalise it. What the construction
establishes, and where it stops, is collected in the conclusion.
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7 Conclusion

The introduction separated two questions: whether a finite truncation of the cylindrical
deformation, at fixed spread intensity, is consistent with pricing, and what that truncation
preserves and what depends on its maturity resolution. It posed them for a source specification
whose link to the pricing measure had been left open. This section answers them in the order
the mathematics settles them, gives the financial reading of the answers, and states what
remains open.

7.1 What has been shown

One observation carries the paper. The deformation’s sine modes are the imaginary parts
of complex exponentials, so the smallest shift-invariant family containing them is not their
span but the doubled sine—cosine envelope (Proposition 4.1), and the coordinates the envelope
adjoins carry no noise. Read on the envelope, the model’s open link to Q becomes a decidable
question with a located answer. Whether its factor drift is arbitrage-free is the polynomial
divisibility mps | p— 2 (Theorem 4.3), with the convexity HJM adds carried by the deterministic
sector as in Proposition 2.7. Here the model’s symbol p(z) = z + k22 /2 fixes only z = 0, and
its failure sits in the silent coordinates, beyond the reach of any change of measure.

Everything the paper says about pricing consistency follows from that location. Deterministic
roll-down — the rotation w,, acting on the cosine partners — lies outside the volatility span,
so no finite sine truncation admits an equivalent local martingale measure with the model’s
own volatility. The discrepancy is realised by an explicit arbitrage in N + 1 bonds on an open
dense set of maturity panels (Theorem 4.6), and its stationary size grows like v/N rather than
fading under refinement (Proposition 4.8). In the infinite model the shift that would remove it
has infinite Cameron—-Martin energy (Proposition 4.10). Giving the silent coordinates noise of
their own (§4.7) changes the finite verdict from an impossibility to a price: each truncation
then admits an equivalent measure, at a Sharpe cost growing like N3/2. The infinite verdict
stands, since the infinite laws are singular (Proposition 4.11). That all of this is proved on
finite-dimensional invariant subspaces is not a convenience: under cylindrical noise forward
rates are not semimartingales (Proposition 3.3), so those subspaces are where this paper makes
the question rigorous.

The same coordinates are where the repair goes. Adjoin the roll-down states, keep the
sine-driven noise, correct only the drift, and every truncation becomes an ordinary 2/N-factor
Gaussian HIM model (§5). What the repair adds is the roll-down the model’s span could not
carry and the convexity HJM then requires. The convexity is where the cost lies, and the cost
is exact: its refinement limit is ¢*°(7) = %%e_zT/ ®. a short-end jump of 0'(2) /2 reached through
a boundary layer of width #*/N with the universal profile G (Theorem 5.2). Restoring the
stochastic spread leaves this coefficient in place in the uncorrelated affine convention: —0(2) /2 is
conserved at every vol-of-vol, while the rest of the loading changes and an existence boundary
appears, exact for the infinite-span surrogate (Theorems 6.4 and 6.5). The short-end cost is
therefore a property of the maturity-local noise, not of the frozen intensity. In the bilinear
completion convention, no-arbitrage locks the homogeneous product generator and recovers the
coefficient on the exactly solvable n = 0 slice (Theorem 6.12, Proposition 6.15).

Refinement answers the finite-implementation question first at the level of the coefficients
entering bond returns. The convexity density converges locally uniformly on compact subsets of
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(0,6*), and, after natural zero-padding, the bond-return volatility vectors converge in £2; every
finite truncation prices its own bonds consistently. The short-end nonuniformity is resolved on
the scale 6* /N by the profile of Theorem 5.2, while Remark 6.6 records the separate far-end
discontinuity. These are coefficient limits; the infinite traded-bond market itself is the first open
problem of §7.3.

At the level of the forward curve the completions do not converge. Within the affine
realisation class of Assumption 2.6, spectral locking replaces the model’s A\, =< n? by the
uniform decay 1/ (Corollary 4.5). That n? decay came from the maturity diffusion %E)g and
made the cylindrical field function-valued (Propositions 3.2 and 5.4). The pricing counterpart
established here is therefore a family of finite-factor bond models indexed by resolution, with
exact limits for specified bond-level coefficients but no curve-valued refinement limit. Resolution
is therefore where the economics enters, as §5.2 says: factor count is a modelling choice with
an exact convexity attached, not a numerical grid parameter. Within this refinement and its
minimal completion, a curve-valued limit can be obtained only by giving up maturity-local
noise or no-arbitrage at every resolution; §5.2 shows what the first of these buys. The long end
stands apart from all of this: the Dybvig—Ingersoll-Ross constraint is neither caused nor cured
by complexification (Proposition 5.5). What the limit means for short-maturity volatility, and
the witness for pricing, is the subject of the next subsection.

7.2 Economic interpretation

The completion prices its own finite-dimensional volatility specification; it does not assign a
preference-free premium to the maturity-white component of the historical model of [13]. Once
the sine-only volatility and the minimal sine—cosine envelope have been fixed, however, the
HJM drift is no longer optional. Its first-span interior limit satisfies

o0 _ 1d 2 _ U% —27/K

(1) = 5B = De>rn,
and hence ||$(7)||? ~ o¢7 as 7 ] 0. This is the model-internal economic meaning of the kink:
short-maturity bond volatility scales as ogy/7 rather than linearly in 7, as it would for a
smooth finite-factor volatility loading. The order of limits is lim, o limy_, and the two do
not commute: at fixed N, I3(7) = \/2/0* w,72/2 + O(73), so ||Z(7)|| = O(7?). The /7 law is

a property of the refinement limit, not of any single truncation.

The boundary layer also records nonuniformity of implementation. At every finite N the
drift density vanishes at the endpoint, while at each fixed interior maturity it approaches the
nonzero limit above. The theorem therefore quantifies the local convexity cost of this chosen
completion and the maturity scale on which successive truncations disagree.

The finite-bond witness gives the pricing-consistency problem a separate, security-level
meaning. The original N-sine truncation does not merely fail a factor-coordinate identity: for
generic maturities, N + 1 risky bonds contain a locally riskless self-financing direction whose
discounted drift has a known sign after observing the current state. Likewise, 0?\, is a normalized
factor-quotient diagnostic: its linear growth shows that the unreachable drift does not become
negligible per retained mode, and Remark 4.9 says what it does and does not measure. Under
the isotropic loading of §4.7, by contrast, the invariant is a market-price-of-risk energy. There
VEn is the stationary root-mean-square of the maximal instantaneous Sharpe ratio of the Nth
truncated market, and its limit v/€ is finite exactly when the block defect energy > |6,]?/kn
is (Proposition 4.11).
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7.3 Limitations and open problems

The claims above stop at the following boundaries, each stated so that what would remove it is
visible; see also Remarks 2.10, 4.4, 4.9, 5.3(iii), 6.9 and 6.13.

1. Boundary conditions and domain. The comparison extends the eigenmodes from
[0,0*] to R by their quasi-exponential expressions; the Dirichlet conditions are respected
only in the sense of Proposition 4.1, which shows precisely that they are incompatible
with shift-invariance. The completion abandons them (its cosine coordinates are nonzero
at 7 =0).

2. Finite dimensionality is a real loss. That finitely many factors need not span the
risks driving fixed-income markets is itself an established empirical theme [12]. The
central argument of [13] — that hedging practice reflects maturity-specific risk which
k-factor models misrepresent — is not answered by the completion. Whether the exchange
of maturity-specific risk for a finite arbitrage-free completion is acceptable depends on
whether one is pricing or forecasting, which is the dichotomy drawn in [13].

3. The bond witness is structural. Theorem 4.6 assumes frictionless continuous trading,
strictly positive bond prices, and a generic finite panel, and it rebalances predictable
cofactor exposures over a short interval. Transaction costs, position constraints, discrete
observations, and market microstructure are not modeled.

Two questions stand open at these boundaries, and each is now posed exactly. The first is
whether traded-bond processes are semimartingales under the fully infinite cylindrical dynamics.
The repairing shift has infinite Cameron—Martin energy (Proposition 4.10), so the finite-
dimensional repair does not extend to the infinite model as a change of measure. A bond-level
or distribution-valued limit model — traded-bond semimartingales, a martingale measure,
cross-maturity consistency — is where the infinite case would be decided. At the level of the
factor laws the answer is known once the silent coordinates carry noise, the infinite laws being
mutually singular (Proposition 4.11); it is the bond level that stays open, under both loadings.
The second is whether the bilinear channel carries the short-end coefficient at positive vol-of-vol:
a global conjugate-point problem, of which the uniform small-vol-of-vol region of [42] is the
first piece.

What is settled is where the model’s finite sine truncations stand relative to the arbitrage-
free class. They lie outside it at every resolution, by a margin that grows with resolution.
The minimal repair is the doubled completion, whose cost is exact; and that cost is the HIM
drift maturity-local volatility requires under Q, its short-end value independent of the frozen
intensity used to measure it.
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