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SUMMARY: This article explores the effects of learning about future demand shocks in
financial markets within the framework of noisy rational expectations equilibrium
(NREE). It examines how such information acquisition impacts investor behavior and
market outcomes, particularly focusing on the front-running channel and a novel future
uhcertainty channel.

METHOD: The study proposes a model of a competitive CARA-normal economy with
overlapping-generation investors. Investors in this model decide how to allocate
precision to signals on current dividend innovations, current demand shocks, and
future demand shocks, subject to a linear information capacity constraint.

KEY FINDINGS:

— Investors learn less about current dividend and demand shocks when they have access to
information about future demand shocks.

— The front-running channel causes investors to front-run future demand shocks, while the
future uncertainty channel makes future demand shocks relevant to current market behavior.

— Market-wide dividend information acquisition decreases, making dividends riskier and
raising risk premiums.

- Individual investors benefit ex ante by reducing the conditional variance of future excess
payoffs.

— Higher heterogeneity in private information increases price volatility and makes prices less
informative contemporaneously but more informative in later periods.

IMPLICATION FOR TRADING: Traders should be aware that learning about future
demand shocks can lead to increased market volatility and less informative prices in
the short term. However, it can also provide better ex ante utility by reducing the
uncertainty of future payoffs. Practitioners should consider the trade-offs between
current and future information when making investment decisions.
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Abstract

In the noisy rational expectations equilibrium (NREE) literature, existing
works have investigated information acquisition on current demand shocks,
as well as current and future dividend innovations. This article fills an
important gap by characterizing the equilibrium effects of learning about
future demand shocks. It shows that with extra access to information about
future demand shocks, investors learn less about current dividend and demand
shocks, and allocate greater precision to signals about future demand shocks
via the front-running channel and a novel future uncertainty channel. This
future uncertainty channel operates on two levels and breaks the fallacy of
composition: in aggregate, market-wide dividend information acquisition
declines, rendering dividends riskier and raising risk premiums. At the
individual level, information acquisition targeting future demand shocks
reduces the conditional variance of future excess payoffs, improving ex ante
utility. This article also demonstrates that higher heterogeneity in private
information increases price volatility, and that learning about future demand
shocks renders prices less informative contemporaneously yet more informative

in later periods.
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1. Introduction

Noisy rational expectations equilibrium (NREE) models have served as an
established framework for information choice problems in the study of financial
markets. These models usually introduce exogenous noise trades, alternatively
termed as shocks to the demand/supply of the risky assets, to prevent
their prices from fully revealing private information observed by investors
(Grossman and Stiglitz, 1980; Hellwig, 1980; Verrecchia, 1982). These shocks
are orthogonal to dividend innovations and do not affect the fundamental
value, or liquidation value, of the risky assets. It is now well-understood that
noise trades can be micro-founded by hedging needs (Liu and Wang, 2016;
Medrano and Vives, 2004), liquidity needs (Han et al., 2016), or sentiment
(Shleifer and Summers, 1990). This article abstracts from micro-foundations
of noise trades and hereinafter refers to them as demand shocks.

Intuitively, learning about future demand shocks affects the financial
markets via the front-running channel, that is if investors can learn about
future shocks, then they have motives to buy (sell) shares now and sell (buy)
them tomorrow if tomorrow’s demand is predicted to be high (low). In this
article, I propose a future uncertainty channel, through which future demand
shocks affect the market regardless of whether the front-running motive is in
place or not. If we shut down the front-running channel (e.g., in a case of a
stream of dividend strips), at first glance, future demand shocks that cannot
be learned about today, should be irrelevant to investor behavior and the
current asset price. The future uncertainty channel, in fact, makes the future
relevant to the present when there is information acquisition on future demand

shocks. The future uncertainty channel works through two forces to increase



the investor’s ex ante utility: on the aggregate level, market-wise dividend
information acquisition decreases, which makes dividends riskier with higher
returns; on the individual level, information acquisition on future demand
shocks makes the conditional variance of future excess payoffs lower. Higher
expected returns and lower conditional variance of future excess payoffs both
increase investors’ ex ante utility.

In the literature, investors are usually worse off if every one holds more
private information. This is a manifestation of fallacy of composition, i.e. the
error of assuming what is true of a member of a group is true for the group
as a whole. In the context of financial markets, more private information is
better for an atomic individual investor. On aggregate, however, when all
investors acquire more private information, assets become less risky with lower
returns, as discussed by Kurlat and Veldkamp (2015). Learning about current
demand shocks is not sufficient to break the fallacy; but learning about future
demand shocks does. It creates heterogeneity between generations, introduces
risk-sharing across time and information spillover between generations, and
reduces market-wise dividend information acquisition, thus making the asset
riskier with a higher risk premium.

Acquiring a signal about future demand shocks also echoes the general
idea of news-driven business cycles in the macroeconomic literature. The
news shocks are mainly shocks on future total factor productivity, ignoring
an important aspect of price formation: demand shocks can drive the prices
of goods away from their fundamental values. Learning about future demand
shocks is even more important when we turn our attention to the financial

market, which is the focus of this article.



This article studies how learning about future demand shocks affects
investor behavior, including choices of information and investment, and market
outcomes, including price informativeness and volatility. Specifically, I propose
a model of a competitive CARA-normal economy with overlapping-generation
investors who live for two periods. In each period, investors first decide,
subject to a linear information capacity constraint, how to allocate precision
to signals on current dividend innovations, current demand shocks and future
demand shocks. Then they make subsequent investment decisions after
observing signal realizations and the equilibrium asset price. To disentangle
the front-running channel and the future uncertainty channel, I study two
versions of the model, one with a long-lived asset (“dynamic model”) and one
with dividend strips (“static model”).

The model features risk sharing across time and information spillover
between generations. On the one hand, with signals of future demand shocks,
future risks are incorporated into today’s price. As a result, tomorrow’s
market risks are partially shared by today’s investors. On the other hand,
only the young generation optimally choose to learn about future demand
shocks. They will be able to extract more dividend innovation from the
equilibrium price in their second period, but less in the current period. The
old generation know more about the current demand shocks from the previous
period, and their private information is aggregated by and then spill over to
the young generation through the equilibrium price.

This model also features two margins of information choices. On the
intensive margin, learning about tomorrow’s demand shocks today and

tomorrow are imperfect substitutes, with the former also affecting the marginal



value of learning tomorrow. Assuming learning about future demand shocks
is equally costly today and tomorrow, learning about tomorrow’s demand
shock today can fully substitute for learning about it tomorrow and offer
an extra benefit from a higher marginal value of learning. On the extensive
margin, we are weighing the cost-adjusted marginal benefits of one unit of
precision allocated to signals about dividend innovations and demand shocks.
The extra benefit brought in by learning about future demand shocks makes
learning about them more beneficial than learning about current dividend
innovations. Therefore, with information acquisition equally costly (both
across signals and for each unit of precision of the same signal), investors
specialize in information acquisition and optimally choose to solely acquire
signals about future demand shocks in the first period and signals about
dividend innovations in the second period. On the aggregate level, less
dividend information is learned and thus price informativeness decreases,
while price volatility increases due to more heterogeneous private information.

To put the question into empirical contexts, I discuss a few examples
where learning about future demand shocks plays an important role. One
notable example is index recomposition. As Han et al. (2016) points out,
institutional traders, e.g. index funds or ETFSs, need to rebalance portfolios for
non-informational reasons around index recomposition. The existence of index
funds and the requirement that they replicate indices create demand shocks
that are non-fundamental to the underlying securities. On the announcement
date of index recomposition, investors receive a signal of effective-date demand
shocks. Sophisticated investors can even adjust portfolios before the index

recomposition announcement by making informed predictions about how



index funds will have to rebalance. Another set of examples are in a similar
vein as the news shock, except that here the news that investors receive is not
about future total factor productivity, but about future demand shocks. One
case with far-reaching impact is the BlackRock-BGI acquisition. BlackRock,
Inc. announced on June 11, 2009 that it would acquire Barclays Global
Investors (BGI), including iShares, from Barclays Bank PLC. The deal closed
on December 1, 2009. Consequently, BlackRock became the world’s largest
investment management company. Observing the news of the BGI transaction
on June 11, sophisticated investors would expect the iShares asset under
management (AUM) to expand in the following years. For the component
stocks of iShares ETFs, these are future demand shocks that are not related
to their firm fundamentals. Some other examples may include the future
liquidity crisis, sentiment, or behavioral bias. In the financial markets, it
is usually the high-frequency traders (HFTs) who are learning about future
demand shocks.

This article contributes to the literature on rational expectations models
with asymmetric information. Our understanding of endogenous information
acquisition started from static descriptions about financial markets where
signals are only on current fundamentals (Grossman and Stiglitz, 1980;
Hellwig, 1980; Verrecchia, 1982): there is strategic substitution in information
acquisition of informed investors. On the one hand, they can gather private
information about the liquidation value or dividend to make better portfolio
choices, collectively making price more informative. On the other hand,
when facing a more informative price, investors would rely less on private

signals and more on price, which reduces their incentive to acquire private



information. There are more mechanisms at force when we consider a more
complicated information structure. For example, when different investors are
informed of different fundamentals of the asset payoff, trading aggressively on
information about one fundamental reduces uncertainty of other fundamentals
other investors face, encouraging those investors to learn more about those
fundamentals (Goldstein and Yang, 2015). Goldstein and Yang (2019)
further specify dimensions of fundamental uncertainty to be one that is
related to the aggregate economy and one that is firm-specific. Disclosing
firm-specific information that the real decision maker already knows improves
price informativeness and real efficiency. Learning about current demand
shocks plays a slightly different role. In Medrano and Vives (2004), Ganguli
and Yang (2009) and Manzano and Vives (2011), an investor receives an
endowment shock, which can be viewed as her private information about the
aggregate endowment shock and helps her make more precise inference about
fundamentals. Marmora and Rytchkov (2018) show that learning about noise
increases price informativeness, and the price can be the most informative
when the majority of investors acquire non-fundamental information.

In dynamic settings, interpretations about fundamental and
non-fundamental information can be different, and it becomes meaningful to
distinguish current and future shocks. However, learning is still limited to
future dividend innovations, e.g. Cai (2017) and Avdis (2016). In Cai (2017),
learning about the future is achieved through learning about the persistent
part of current and past dividends, which can then be thought of as a signal
for future dividends. And in Avdis (2016), the equilibrium price contains

both dividend and discount rates information, where discount rates shocks



are modeled as demand shocks. Thus dividend information acquisition offers
an extra benefit of revealing non-dividend information about conditional
expected returns. This article approaches dynamic information acquisition
in a different way where signals of i.i.d. future demand shocks are acquired
today. I emphasize the future uncertainty channel where the asset becomes
riskier because less dividend information is learned on the aggregate level and
an atomic investor is more certain about asset payoff in the second period
thanks to the signal about second-period demand shocks they acquire in the
first period.

This article also connects with the macroeconomic literature on
news-driven business cycles. As discussed by Beaudry and Portier (2014),
“if an agent can properly anticipate a future need, he can gain by trying
to preempt the market and invest early as to make good readily available
when the predicted needs eventually appear”. The front-running channel
in this article echoes with this general idea. However, the macroeconomic
literature usually treats news shock as signals about future fundamentals.
For example, Jaimovich and Rebelo (2009) shows how news about future
total factor productivity affects current output, consumption and investment.
This article complements this literature by bringing to the spotlight the
importance of learning about future demand shocks.

This article also contributes to the literature on HFT!. In reality, HF Ts
actively manage their limit orders and reveal information through quote

updates (Hasbrouck and Saar, 2013). Empirical evidence also shows that

!Please refer to Menkveld (2016) for a more thorough literature review on HFT.



HFTs predict order flows (Hirschey, 2018) or price changes (Harris and Saad,
2014), which can be mapped into acquiring a signal for future demand shocks
in this article. This article also finds that with access to information about
future demand shocks, investors are better off, which is consistent with
Jovanovic and Menkveld (2017) who also find a moderately positive welfare
effect.

The rest of this article is organized as follows. Section 2 sets up the model
and present model solutions, Section 3 presents the analytical and numerical
results from the static model, Section 4 discusses the empirical applications

of the dynamic model, and Section 5 concludes.

2. The Model

2.1. Setup

2.1.1. Assets

There is a single tradable, risky asset, with supply z;. To disentangle the
future uncertainty and the front-running channels, I introduce a parameter
a € {0,1} as in Farboodi and Veldkamp (2020) and model the payoff of the
risky asset as ap;11 + Jt, the sum of the asset price and the dividend paid
out at the end of period t.

When a = 1, the risky asset pays ps11 +d,, the future price of the long-lived
asset plus its dividend. The dividend is modeled as d, = 1+ gd; 1 + 7, where
p and g are known parameters, and the dividend shock g, ~ i.i.d. N(0, 7, ).
In this case, future demand shocks will affect future equilibrium prices, and
thus affect reselling profits and current choices. I call this the “dynamic”

model.



When a = 0, the asset is not long-lived, which can be reinterpreted it as
a series of dividend strips. That is, in each period, there is a new one-period
risky asset that can be traded. I call this the “static” model. Studying the
static model is important. Firstly, if demand shocks can be insured or hedged,
then the static model and the dynamic model are equivalent, only differ in

2 Thus the static model can be interpreted

some constant and multiplier.
as equivalent to a model with a long-lived risky asset where demand shocks
can be fully-insured or fully-hedged. Secondly, using dividend strips allows
isolation of the new future uncertainty channel. In the static model, the
front-running channel is shut down, signals about future demand shocks can
still transmit via the future uncertainty channel. Thirdly, studying dividend

strips per se is also important since they provide us information about how

stock prices are formed?.

2.1.2. Signals
Each investor receives an unbiased signal 7, = 7; + €%, about current

dividend innovation g, where €/, ~ N(0,7,,;), and an unbiased signal 7, =

Ty + €, about current demand shocks Z;, where &; ~ iid. N(0,7, ") and

2Consider an insurance company. G,-investor ¢ pays an insurance fee at the beginning
of their life, and receives f; | Z;” (measurable at the end of period t) at the end of period
t and fryq | ILJFH at the end of period t + 1, where ft is the fundamental value of this
long-living asset, and f; | Z," = r2u/[(r — 1)(r — )] + rgds_1/(r — g) + ry:/(r — g). Thus
the budget constraint is W 1+ = r[rWi_1+ + @y (ft — pe)] + @lyy1 (fie1 — prgar). For
investor 4, current and future demand shocks are insured. The aforementioned model is

different to the static model only by some constants and multipliers.
3For example, van Binsbergen et al. (2012) empirically measure dividend strip prices to

study the term structure of the equity premium.
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& ~ N(0,7,;). Investors can also predict demand shocks in the next period

Z141 by an unbiased signal £ = iy, + %, where 7% ~ i.i.d. N(0,7,.}0).
All shocks are orthogonal. Signal precisions* Text, Teyt, ald T, are choice
variables and investors optimally allocate them with a finite information

capacity constraint K.

2.1.8. Investors

1

5 investors, denoted

At the start of each period ¢, a continuum of measure-
by G;, with initial investable wealth W;_1+ = Wy are born. They live for
two periods®, making both information and portfolio choices in each period.
Investor ¢ only consumes at the terminal date, and the utility function over the
terminal wealth is — exp(—pW;;41+), where p is the risk aversion coefficient.

At the portfolio choice stage of period t + 1, after receiving private signals
and observing the equilibrium price, G;-investor ¢ maximizes the expected
utility conditional on information they have by choosing how much to invest
in the risky asset, that is investor ¢ chooses the optimal portfolio ¢;;11 to
maximize her interim expected utility E[— exp(— pVT/Z»tJFH) ‘ fitﬂ] subject to

the budget constraint® :
mt+1+ =W+ + éit+1(czt+1 + apiyo — Pigar). (1)

At the beginning of period ¢ + 1, investor ¢ chooses signal precision 7.1,

Tewito1, and 7,341 to maximize expected utility IE[— exp(—pVViHH) |

4The subscript 4 is dropped because investors are ex ante identical.
®Several papers also model two trading periods, e.g. Holden and Subrahmanyam (2002),

Chordia and Subrahmanyam (2004) and Avdis (2016), among others.
SThroughout this article, the notation "is used on variables that are related to the old

generation.

11



information information

choice choice
Teat, Teyts Tuat portfolio choice Tewit1s Teyit+1, Tupit+1 portfolio choice Ronsu e
it Git+1
t—1t t £ t41 PR
Yt—1, Tp—1 ﬁLIZ/ ﬁ:/tv glzf‘ Pt Yt, Tt ﬁ;Jrl" ﬁ?ﬂ»l’ gizt+17 Pe+1 Yi+1, T+1
realized observed realized observed realized

Fig. 1. Life cycle of investors born at the start of period ¢t. Generation-t
investors are born at the beginning of period ¢ (marked as ¢ — 17) and live for
two periods: period t and period t 4 1. In period t, investors first observe realized
past dividend innovations y;—; and demand shocks z;_1, then make information
choices Teyt, Teyt, Tuat. After receiving private signals 77, ﬁfft and observing the
market-clearing price py, investors choose the optimal portfolio holding g;;. At the
end of period ¢ (denoted ¢T), the period-t dividend innovation y; and demand shock
x; are realized. Investors repeat information acquisition and portfolio decisions in

period t + 1, and consume all terminal wealth at ¢t + 17,

f;{ } subject to the information capacity constraint

P)/eyTeyit+1 + Yex Tewit+1 + YvaTvzit+1 S K. (2)

The information constraint is assumed to be linear in signal precision, that is
the marginal cost of an extra unit of signal precision is the same at all signal
precision levels.” This assumption helps to isolate the benefits of learning
about future demand shocks, i.e. the future uncertainty channel, from a cost
reduction channel. Another popular choice of information constraint in the

literature is a convex one, so that the marginal cost of learning within one

"The linear information capacity constraint is common in the literature; see Kacperczyk

et al. (2016) among others.

12



signal is increasing as investors allocate more precision to that signal. In that
case, the possibility to learn about future demand shocks today and tomorrow
makes learning about demand shocks effectively cheaper, because investors
can smooth learning costs. This cost reduction channel works in the same
direction of the benefit increase through the future uncertainty channel, and
will make the results even stronger. For the purpose of demonstrating the
future uncertainty channel clearly, here I use a linear constraint.

When making portfolio choices in period ¢, G;-investor ¢ also has to take
into consideration future choices in period t + 1 and thus chooses ¢; and
¢itr1® to maximize the expected utility IE[— exp(—pWiHﬁ) ‘ Iz-t}, subject to
the budget constraint

Wit+1+ =Wy + TQit(CZt + apip1 — per) + Qit+1(CZt+1 + apiro — peaar).  (3)

Notice the difference between ¢;;.1 and ¢uy1. While ¢;y1 is the actual
investment that G;-investor ¢ makes at the portfolio choice stage of period
t + 1, based on all previous dividends and signal realizations, ¢;,; is what
G;-investor ¢ predict herself to hold in period ¢ based on only the information

that is available to her at the portfolio choice stage in period ¢.

8Technically, G;-investor 4 also needs to include three other choice variables, namely
Teit+1s Teyit+1 and Tyzie41. They can be omitted, however, because of two reasons. Firstly,
we only solve portfolio choices in a functional form of conditional expectations and variances
of future payoffs. Although those moments depend on the optimal information choices in
period ¢ 4 1, that functional form does not. Secondly, solving for the optimal information
choices in period ¢ + 1 is also useless since the investor will make better information choices
after d; is realized at the beginning of period ¢t + 1. The same reasoning goes for the

information choice problem at the beginning of period t.
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Finally, in the beginning of period ¢, G;-investor ¢ makes period-¢
information choices 7oy, Tept, and 7,4 to maximize her ex ante utility

E[- exp(—pWia+) | Z,F ;] subject to the information capacity constraint
eryTeyt + Yex Text + YvaTvat S K (4)

2.1.4. Information structure
The equilibrium price is a linear function of the signals. Since signals are

unbiased, the price can be expressed as a linear function of shocks:
pe = Ay + Bidi—1 + Cojp + Dy + By (5)

This is different from existing literature in that there is an extra term of the
future demand shock, %1, in the equilibrium price. For future demand shocks
to enter the equilibrium price relation, we need two conditions. Firstly, signals
about future demand shocks must exist and can be acquired. Otherwise,
as in Farboodi and Veldkamp (2020) which modeled a long-lived asset and
signals about current dividend and demand shocks, the future demand shock
Z411 does not enter the equilibrium price relation. Secondly, the asset has
to be long-lived (v = 1). Otherwise when o = 0, d; and dy4; are different
assets, and the demand shocks about di.; does not affect the equilibrium
price of d, directly, i.e. 74,1 does not appear in the equilibrium price, yet it

could indirectly make a difference though price coefficients due to information

acquisition.
Define the price-to-current-noise ratio to be (i, = C,;/D;, and the
price-to-future noise ratio to be (» = C}/E;, where C; is the price

sensitivity to dividend innovation, and D, and E; are the price sensitivity

to current and future demand shocks, respectively, in the equilibrium
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price (5). A transformation of the equilibrium price p, can generate
an unbiased signal about current dividend shock. The two generations
observe the same price but extract out of it different information about
7:. In period ¢, Gi-investor i extracts a signal 7}, = gy, + ), where
7= (T - E[& | 7))/ + (Fen — B[ | &)/ ~ N(0,7,"),
with the variance of the price signal being Tp’tl = (ffot + (g Vftg
gt_l—investor 1 extracts a signal ﬁﬁ =y + ﬁﬁ, where 12’; = (it - ]E[ft |
ity §ir— 1])/C1t + <$t+1 - [ft+1 ‘ éﬁ})/@t ~ N(O,%p_itl), with the variance
of the price signal being 7, mt = (5 Vait + (o 2yt

- To proceed, this article

definings an important concept of price informativeness.

DEFINITION 1. Price informativeness for investor i is defined by precision of
the price signal given the dividend realization and the investor’s information
about demand shocks. Mathematically, in period t, the price informativeness

1

is Var= (o, | 7%, &%) for G and Var= (0} | L8 Zt) for G,y investors.

To summarize, each investor processes all available information and obtains
two signals — the dividend signal and the price signal — concerning the
dividend innovation. Private knowledge about Z; affects their ability to
extract information about the dividend innovation from the equilibrium price.
In other words, it affects price informativeness. Investor can learn more from
the price either when they learns more about z; so that they can better extract
information from the price, or other investors have learned more about z; so

that there is not much noise contained in the price. The acquired signal ~£

MWt L 7ATR 14 vt and th are defined in the appendix. The subscript ¢ is dropped from

Tty

them and 7,; because in period ¢, G,-investors are ex ante identical.
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about future demand shocks will affect next period’s learning abilities and
the marginal value of learning.

Let F,", be the information set that contains all past realizations of
dividend innovations, demand shocks and equilibrium prices. The two
generations have different information sets at different choice stages, which

can be summarized by Table 1.

Table 1. Information sets of the two generations in Period ¢

Generation Information Choice Stage Portfolio Choice Stage

gt I:__l - JT-ttl Iit 2 {'F;ftlanz‘,777iw15a ﬁapt}
Gi1 Ii—:f_fl = {‘/—_;ftlaggf—l Ly = {Jitl,fﬁ_pﬁ%’t,ﬁ?t,ﬁﬁ,pt}

Gi-investors and G;_q-investors are endowed with heterogeneous information sets.
Specifically, the knowledge regarding Z; acquired by G;_i-investors in period ¢ — 1

persists and exerts influence on their optimal decisions in the subsequent period ¢.

F;"| can be interpreted as what an outsider knows about the market at
the beginning of period ¢. Ex ante, G;-investors know as much as an outsider.
At the portfolio choice stage, however, they have heterogeneous information
due to received private signals. After the current dividend innovation is
realized, signals about the current dividend innovation and demand shock no
longer assist in future decision making. Only the signal realization of next

period’s demand shock carries on and affects future choices.

2.1.5. Benchmark model

The benchmark, corresponding to the standard specification in the existing

literature, shuts down information acquisition on future demand shocks. It
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is denoted by the superscript B in this article. If the precision of the future
demand signal 7, is zero, or the cost of learning about future demand shocks

Y, 18 infinitely large, the main model collapses to the benchmark model.

2.2. Market Clearing and Equilibrium

This article introduces information acquisition on future demand shocks
to the noisy rational expectations equilibrium. See Appendix A for a formal
definition. The risky asset price clears the market when the aggregate demand

equals the aggregate supply:

/ it di +/ Qit — Qit—1 dt = Ty + Ty + / Qir—1di . (6)
=ten 1€Gt_1 1€Gt_2

2.3. Model solutions
2.3.1. Portfolio choices

For notatonal simplicity, denote the expected period-t payoff and the
expected period-(¢t+1) payoff conditional on Gi-investor 4’s interim information
set in period t as &; = E[dt+ozpt+1 | Zis]| —per and Ey; = E[JtH +apiro—piar |
Zi], respectively, and their variance as V; = Var((jt + api1 | Ziy) and
Vy = Var(cztﬂ + apiyo — pear | Zi), respectively. The covariance of the
period-t payoff and the period-(¢ + 1) payoff conditional on Z;; is denoted as
C = Cov(cit + ozptH,CZtH + apiro — pry17 | Zir). These conditional moments
are derived in Appendix B.1.1 and Appendix B.1.2. The portfolio choice of
G,-investor ¢ can then be written as

1 Vs C
Gt = o (vtvg—cﬂ YW -2 2) (M)

If the conditional expectation about future excess payoffs (&;;) changes, the

individual demand curve undergoes a parallel shift. But when the conditional
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variance of future excess payoff becomes smaller or the conditional covariance
of current and future excess payoffs becomes larger, the slope of the demand
curve would become less steep.

G,;_1-investor ¢ faces a simple one-shot portfolio choice problem, which has

an optimal solution

N

&
P)}it,
where git = E[Jt + api | j’-zt] — pyr and f}it = VCLT(CZt + apii | Z,t)

(8)

qit =

Static case. In the static case where a = 0, no portfolio rebalance is involved.
There is no generation difference and each period ¢ is an identical snapshot
from the timeline. It is worth noticing is that the covariance term C; = 0.
The reasoning is as follows. Conditional on Z;;, the random components in
dy —py i G | 7%, 7, and in dys1 — Pt are Gpi1, Tron | éft and T, o, respectively.
They are orthogonal (see the proof of Lemma 4 in the appendix). This
effectively separates the two portfolio choices of investors. Therefore, the
optimal portfolio choices for G;- and G;_i-investors are

- E[Jt ‘ Iit} — DT
- prVar(CZt ‘ Iit)

E[Czt ‘ jzt} — DT
pVar (cit ‘ Zt)

qit and ¢y =

Y
respectively.

2.3.2. Equilibrium price relation
For simplicity, define x,; = Q,V,,/r+ fiegt_l ‘A/;ﬂ-t / V;; di and Xat = Q Vit /74
Ik o Vit / Vi di (refer to Appendix B.2 for details). In equilibrium, the

)
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period-t price coefficients are recursively characterized by

¥ C )y 1 v C
At _ (1 t ) K _ tpjt"’; <a+_t—> At—i—l

"%V, -C)r—ag s 2V, = C
% C
vy, —et e ¥
Bt = ’ —gOég’ (10)
1 o
CVt = r—ag (1 - EthtTy) ) (11)
D 1 o>
D, = P + EtdtTm
ror—ag
1 it C ¢ ST SVl
Ey = x vamﬂm +a (1= Xum) | Dipa + - athCQth'
(12)

B; is the constant dividend growth rate, and governs the level of the
equilibrium price together with A;. C; is the price sensitivity to dividend
innovation. D; and E,; regulate the amount of current and future demand
shocks contained in the price, respectively. C_L and Q_‘;t are the market-wide
average future-uncertainty-adjusted dividend-to-total-uncertainty-weighted
signal-to-current-noise and signal-to-future-noise ratios, defined by (B.43) and

(B.44), respectively.

Static case. When a = 0, the equilibrium price relation greatly simplifies.
Firstly, £, = 0. This means that here Z;,; does not directly enter the
equilibrium price at ¢. This is because d; and Jt—&—l are different assets, and
the demand shock to dyyq does not affect the equilibrium price of d; directly,
but only indirectly though price coefficients due to information acquisition.

Secondly, C; = 0, that is the current and future excess payofls are conditionally
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independent. Thirdly, G, ;-investors make homogeneous period-¢ information

choices. The price coefficients then become

1 _— 1 r+1_
At:—(/ﬁ—ztpﬂft), Bt:g, Cr= - {1— EtTy:| ;
r r r 2r (13)
1 - +1 -
Dt = — —pZt + ! Zt th:| .

2.3.3. Inforamtion choices

Ex ante expected utilities. In period t, G;_i-investors are in the second period
of their life. the objective function is E[— exp(—pWjp+) | i;{_l] and the
constraint of the information choice problem is very similar to (2), with only
a change of subscript ¢. This yields an objective for investor i € {G;_1}
that is increasing and concave in precision of the fundamental signal and the
current demand signal: where j1z and 5,1+ are defined by (B.18) and (B.17),
respectively. Notice that in the static model, investors optimally choose not
to learn about future demand shocks. Thus 7,1 does not affect the ex ante

utility.

E[exp(—prmt+) Z-t,ﬁ} = —’f]t,ﬁ/f/it T2

2
MA
exp(—prWi_1+) exp | —— 2 : (14)
22t71+

For G;-investors, the information choice problem is to maximize
E[—exp(—pWiHﬁ) | Z,7,] subject to (4). This yields an objective for
i € {G;} that is increasing and concave in precisions of the signals of the

current dividend innovation, the current demand shock and the future

20



demand shock:

E [— exp (—pWigs1+) ‘Ittl] = —6&Xp (—PTQWO) X

1 ~ N
|] — 22F|72 X \/Vit+1/ <Vit+1 G 22t+1> X
exp (G (I —25F) ' 2G + J) (15)
where ]A}Z-Hl, 22t+1’ >, F, G and J are defined in the appendix.

Static case. Information choices in the dynamic model are very complex. To
develop intuitions, here I derive the analytical solution of information choices
in the static model. To understand how investors would allocate precision to
signals about the current dividend innovation and the current demand shock,

it is convenient to first define the concept of learning index.

DEFINITION 2. Learning index for a signal is defined as the increase in ex
ante marginal utility associated with an extra unit of precision assigned to this

signal.

For G, _;-investors, the learning index for the signals about the current
dividend innovation and the current demand shock are OEU /OTeyir and
8@/8711“, respectively. The learning indices are functions of current
precision choices 7.y and 7., the signal precision 7,441, and the realization
of the signal about current demand shocks received in the previous period,

% 4. Since all investors are ex ante identical, the signal precision 7,,; 1
is the same across G;_j-investors. However, signal realizations &7 , are
private information to investors, introducing heterogeneity in second-period

learning indices. The effects of £ _; on learning indices for signals about
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the current dividend innovation and the current demand shock are in such a
proportional way that the ratio of them does not depend on learning indices.

This observation can be summarized by the following lemma.

LEMMA 1 (Proportionality of second-period learning indices). The ratio of
second-period learning indices for the current dividend innovation and the

current demand shock S Leyit/ Leyir = ¢t

To better characterize the benefit of learning about future demand shocks,
it is useful to study it when learning about different shocks is equally costly.

The equal-cost assumption is stated below for later reference.

ASSUMPTION 1. Acquiring signals about current dividend innovation, current

and future demand shocks is equally costly, that is Yey = Yez = Voa-

The information choices of G;_;-investors can then be summarized by the

following proposition.

PROPOSITION 1 (Second-period information choice). In period t,

Gi_1-investors

(a) optimally choose not to learn about future demand shocks, that is 7.y =

0; and

(b) [under Assumption 1] only learn about current dividend innovation
reqardless of the realization of signal about T; they received in the previous

period, that is Teyir = K/Yey and Ty = 0.

What G;_i-investors have learned in the past about today does not affect

their information choice for today. It should be noted, however, the portfolio
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choice and payoffs are affected. This arises because they do have an additional
signal about today’s asset. Their conditional mean and variance about today’s
asset are different than those of G;-investors.

In the first period, the proportionality of learning indices for signals
about the current dividend innovation and the current shock preserves, as is

summarized in Lemma 2.

LEMMA 2 (Proportionality of first-period learning indices). The ratio of
first-period learning indices for the current dividend innovation and the current

demand shock only depends on the signal-to-noise ratio, that is Leyit/ Leyir = ¢t
The first-period information choices can be summarized by Proposition 2.

PROPOSITION 2 (First-period information choice). Under Assumption 1,
Gi-investors optimally choose to only learn about future demand shocks, that

iS Teyt = Teat = 0 and Ty = K /7.

Because G;-investors are identical at the information choice stage of period
t, they will make the same choice of precision, and thus will have the same
learning indices. Compared with the benchmark with no future demand
shocks, the learning indices have changed because the option to learn about
future demand shocks affects 3, the across-generation average of posterior
variance of 7;, in two ways. Firstly, G;-investors optimally choose to only
acquire signals about Z;,; and not learn about any current shocks. Secondly,
the learning indices of G;_i-investors are affected by their observed private
signal é’;} Their portfolio choices change accordingly. Changes in learning

indices of the old generation spill over to the young generation through 3.
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Compared with learning about z;,; in period t + 1, learning about it in
period t has an extra bite: it decreases the variance of future excess payoffs

conditional on today’s information.

3. Results

With a long-lived risky asset, learning about future demand shocks affects
the market via two mechanisms: the front-running channel and the future
uncertainty channel. To see how the novel future uncertainty channel works
more clearly, this section studies the static model and set @« = 0 to shut
down the front-running channel. In the dynamic model where @ = 1, the
front-running channel works in the same direction as the future uncertainty

channel and will strengthen the results in the static model.

3.1. Benchmark model

In the benchmark model, investors do not have access to signals about
future demand shocks. The results are shown in Appendix C. When ~,, — 0o
in the main model, information capacity constraints make learning future
demand shocks prohibitively costly, so investors optimally abstain from
acquiring such information. Accordingly, the main model collapses into
the benchmark model. When learning future demand shocks is sufficiently

costly, the main model converges to the benchmark model.

PROPOSITION 3. There exists a threshold 4, such that for all v, > %,., the

results in Proposition 11 hold for the full main model.
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3.2. Price reveals less fundamental information

When we grant investors another source for non-fundamental information,
the informational content of price will be changed accordingly. We now
examine this issue by looking at the signal-to-noise ratio, the average posterior
precision about dividend innovation and price informativeness.

Understanding how the signal-to-noise ratio |(;| changes with model
parameters helps us figure out the information quality in the market. In
the benchmark model and the second-period information choice of the main
model, |(;| summarizes all relevant informational contents in the market;
together with parameters associated with learning costs (Vey, Vew, Yoz and K),
the signal-to-noise ratio |(;| determines how investors allocate signal precision
in Benchmark I and in the second period of the main model.

Investors have a prior belief about the dividend innovations. The average
posterior precision about the dividend innovation ;' is the sum of prior
precision of the dividend innovations, precision of dividend signal and precision
of the price signal. It is a function of the risk-free rate, the risk-aversion
coefficient, prior precision of dividend innovation and demand shock, and
the signal-to-noise ratio |[¢;|. ¥, and |(;| often comove with changes in

parameters, as is shown in Figure 2.

LEMMA 3. The market-wide average posterior precision for the dividend
innovation X, comoves positively with the signal-to-noise ratio |¢;| whenever

variations in |G| stem from shifts in the parameters K, Yey, Yey, Yoz, OT Ty-
PROPOSITION 4. With access to information about future demand shock,

(a) the signal-to-noise ratio |(;| and the market-wide average posterior
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precision about the dividend innovation ;' increase with information

processing capacity K and prior precision of demand shocks 1, ;

(b) Assumes that the learning cost associated with demand shocks are the
same today and tomorrow, i.e. Yoy = Vs = Vo. Then there exists K,
v, and 7 such that when K > K and v, < 7,, |¢;| and ;' decrease
with v, if v» < v and increase with v, if v. > vi. When K < K or
Yo > Y |G| and ;1 increase with v,. Mathematically,

oG . ot |- TE>K, v < % <

= sign

0z 0z

sign
+, otherwise.

PROPOSITION 5. Compared with Benchmark I, the signal-to-noise ratio |(;|
decreases when investors have an extra source of information on future demand

shocks. The same results apply to average posterior precision %, .

THEOREM 1 (Price informativeness). With access to information about future

demand shocks, price informativeness decreases.

Figure 3a plots price informativeness against the information processing
capacity. For the two periods in the life of investors, the equilibrium price
is not equally informative. In the second period, price is more informative
because she has required a signal about second-period demand shocks in her
first period. Although the price contains less dividend innovations, her ability
to extract other investors’ private information out of the equilibrium price
is higher, and the latter effect dominates. However, in the first period, the
ability to extract information from price is not changed. Since price contains

less fundamental information, it is less informative for her.
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Fig. 2. The signal-to-noise ratio and the average posterior precision.
These figures plot how the signal-to-noise ratio |(;| and the average posterior
precision ¥; change with K and learning costs for demand shocks. Relative to the
benchmark model with no information acquisition on future demand shocks, the
equilibrium signal-to-noise ratio declines while the average posterior variance rises.
In both models, the signal-to-noise ratio rises and average posterior variance falls

as information processing capacity K increases.

Figure 3b plots the average posterior variance of the dividend innovation
against the information processing capacity. On the aggregate level, less
fundamental information is acquired in the market. As we can see here, the
average posterior variance of dividend innovations is larger when investors

can learn about future demand shocks. As a result, risk premium is higher.
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Fig. 3. Impact of learning about future demand shocks on price
informativeness and risk premium. Panel (a) plots price informativeness
against the information processing capacity. In general, price informativeness rises
with information processing capacity. Investors across heterogeneous life stages
hold distinct information sets, which generates dispersion in their capacity to
recover dividend signals from equilibrium prices. Panel (b) depicts the average
posterior variance of dividend innovations as a function of information processing
capacity. Because the average posterior variance of dividend innovations is positively
associated with the risk premium, the figure illustrates that permitting investors to

learn about future demand shocks elevates equilibrium risk premiums.

3.8. Information choices

THEOREM 2. When it is possible to learn from future demand shocks, investor

1’s information choices change in both periods:

(a) [fundamental vs. non-fundamental] Agent i learns less about the

dividend innovations today compared with the benchmark;

(b) [current vs. future] Agent i learns more about the future demand

shock than the current demand shock.
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Since the marginal cost of allocating precision to one single signal is
increasing, granting access to another signal about demand shocks to investors
essentially makes demand shocks cheaper to learn. As a result, investor ¢
will learn less about the dividend innovations today. Precision of the signal
of current demand shock and that of future demand shock contribute the
conditional mean and variance of Z; in a symmetric way. Starting from the
benchmark equilibrium, every unit of 7., investor ¢ moves away, she can
allocate more than one unit to 7,,;. Since investor i live for two periods,
allocating precision to 7,,; has an extra benefit of lowering the conditional
variance of excess payoff from the perspective of today, which in turn affects

tomorrow’s learning index.

3.4. Ex ante utility

In practice, high frequency traders are learning about future demand
shocks. We tend to think of this as wasteful activity. But here I show that

learning about future demand shocks indeed increase their ex ante utility.

PROPOSITION 6. With access to information about future demand shocks,
the ex ante utility of the young generation is improved, while that of the old

generation is improved when K, 7, and Yer = Yy are small enough.

Learning about the future demand shocks resolves the fallacy of
composition. As showed in Figure 4, the ex ante utility improves through
the future uncertainty channel. On the aggregate level, less fundamental
information acquisition leads to higher risk premium, while price is more

informative and thus investors take less risk in the second period.
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Fig. 4. Information acquisition on future demand shocks improves ex
ante expected utility of investors. Panel (a) displays the contour plot of
AE[U] = E[U] — E[UP] subject to the linear information constraint. Raising
information processing capacity or the prior precision of demand shocks enlarges
the welfare gain from learning future demand shocks. Panel (b) demonstrates that
investor expected utility exhibits weaker concavity with respect to information

processing capacity relative to the benchmark model.

3.5. Price volatility

From the perspective of G;_1-investor 7, the price volatility at the beginning
of period t is Var(p | Z_,) = C?/7, + D?/(7Ts + Tuet—1). For an individual
asset 7, its conditional variance is Var(p, | Z;f_|) = C2/7, + D?/(Ta + Tuwr—1)-

Notice that each generation ¢’ of investors only choose to learn about future
demand shocks in period ', which affects market clearing in period ¢’ + 1.
Recall that ;' = [1, 4+ 7oyt + C (T + Tewt) /7 + Ty + Teyt + CH(Te + Tt + Trwt—1)-

Comparing with the benchmark, due to acquisition of future demand
signals at t — 11 by generation G;, T, or Teyt 15 decreased. Due to acquisition

of future demand signals by generation G, at t — 17, 7., or 7, is decreased,
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but their information choice at ¢t — 2% increases 7,.¢_1.

THEOREM 3 (Price volatility). The price volatility Var(p;) changes with

information processing capacity K. Given that 0|(;| /0K > 0,
(a) if T, > Q., then OVar(p;) /0K > 0;

(b) if Q, < 7. < Q,, then

OVar(p,) )20, if G < ¢ or G <G <O,

oK . =
<0, ¢ <<y
(c) if 0 <1, <Q,, then

OVar(p) )= 0, of G <,

oK <0, if¢ <G <0,

where Q, Q, ,, and gt are defined in Appendixz C.

From the perspective of the young generation G,, price volatility at the
beginning of period ¢ is not affected by whether learning about future demand
shocks is possible.

Figure 6a shows that for given learning costs v, = v, = 0.5, compared
with Benchmark I where learning about future demand shocks is impossible,
price volatility increases when the price precision of demand shocks 7, is low
and /or the information processing capacity is high. Figure 6b plots price
volatility against the information processing capacity. In each period ¢, there
are two generations of investors. Without learning about future demand

shocks, the two generations are identical. Learning about future demand
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Fig. 5. Access to information about future demand shocks affects
price volatility. Panel (a) reports the contour surface for the volatility wedge
Var (p;r) — Var (pP r). Panel (b) illustrates how equilibrium price volatility varies

with investors’ information processing capacity.
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volatility. Panel (a) shows the contour plot of the volatility differential Var (p;r)—
Var (p? 7'). Panel (b) traces how equilibrium price volatility varies with information

processing capacity.
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shocks introduces more heterogeneity on private information on two margins.
On the extensive margin, the older generation will not learn about future
demand shocks because they do not have a future to come, while the younger
generation do. The two generations make different information choices and
receive different private information. On the intensive margin, the older
generation have one more signal, thus their information set is more diverse.

Heterogenous private information increases price volatility Var(p;r).

4. Applicable Scenarios

This model can be applied to a broad range of real-world scenarios where
investors are able to learn about future demand shocks. Some examples

include portfolio adjustment by index funds upon index recomposition and

the BlackRock-BGI acquisition. °

Index recomposition. As Han et al. (2016) points out, institutional traders,
e.g. index funds or ETFSs, need to rebalance portfolios for non-informational
reasons around index recomposition. The existence of index funds and
the requirement that they replicate indices creates demand shocks that are
non-fundamental to the underlying securities. On the announcement date
of index recomposition, investors receive a signal of effective-date demand
shocks. Sophisticated investors can even front run the market before the
index recomposition announcement by making informed predictions about

how index funds will have to rebalance.

10Zou (2019) used the BlackRock case to provide identification to the documented positive

correlation between ETF flows and the price-to-fundamentals relation of underlying stocks.
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The BGI transaction. BlackRock, Inc. announced on June 11, 2009 that
it agreed to pay $13.5 billion to acquire Barclays Global Investors (BGI),
including iShares, from Barclays Bank PLC.!! When the deal closed on
December 1, 2009, BlackRock paid approximately $6.65 billion in cash and
issued capital stock valued at $8.53 billion to Barclays.!?

While Barclays sold BGI to raise funds to strengthen its balance sheet,
BlackRock struck the deal with Barclays, according to its Chairman and CEO
Laurence Fink, to “broaden the firm’s investment capability with passive and
quantitative investment strategies, particularly exchange-traded funds, and
to address client demand for outcome-oriented portfolio strategies and offer
institutional and other investors a full spectrum of investment strategies,
including passive and quantitative approaches”. BGI’s products complement
BlackRock’s fundamental active strategies that employ a bottom-up security
selection process led by portfolio managers who use quantitative and
fundamental analysis and their market experience to inform their judgment.
BlackRock aims at industry leadership in ETF globally. The BGI transaction
will increase the scale benefits and introduce synergies between alpha and
beta investments. Observing the news of the BGI transaction on June 11,
sophisticated investors expect the iShares AUM to expand in the following

years. For the component stocks of iShares ETFs, these are future demand

HBarclays PLC Annual Report (2009), https://home.barclays/content/dam/home-
barclays/documents/investor-relations/annualreports/ar2009/2009-form-20-F.

pdf (accessed December 23, 2019).
2BlackRock, Inc. Annual Report (2009), https://ir.blackrock.com/Cache/

1001211956 .PDF (accessed December 23, 2019).
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shocks that are not related to their firm fundamentals.

5. Conclusion

In the NREE literature, research has been done to understand how
information acquisition on current demand shocks, current dividend
innovations and future dividend innovations affects the market. This article
tries to put together the missing piece and studies how learning about future
demand shocks would affect investors’ information and investment choices
and their ex ante utility, as well as price informativeness and volatility.

This article shows that with access to signals about future demand
shocks, investors choose to learn less about current dividend innovations and
demand shocks and allocate precision to learn about future demand shocks.
Learning about future demand shocks affects the financial market through the
front-running channel and the future uncertainty channel. To isolate the future
uncertainty channel, a set of results are derived for the static model where the
asset is a series of dividend strips. If future demand shocks are independent
from the demand shocks today, then future demand shocks per se do not
affect today’s asset price. It is information acquisition on future demand
shocks that makes it relevant to current price through the future uncertainty
channel. While the current equilibrium price still does not aggregate signals
about future demand shocks, information acquisition on future demand shocks
affects the risk premium and how the current equilibrium price aggregates
signals about current shocks. The future uncertainty channel works through
two forces: on the one hand, the aggregate level of dividend information

acquisition decreases, which makes dividends more risky and leads to higher
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required returns; on the other hand, an atomic investor is more certain about
the asset payoff in the second period due to the signal about the second-period
demand shocks she acquires in the first period. As a result, investors’ ex ante
expected utility improves. Price volatility increases due to more heterogeneous
private information, and learning about future demand shocks makes price
more informative in the future but less informative now.

Learning about future demand shocks is important since it breaks the
fallacy of composition and improves the investors’ ex ante expected utility.
It extends the concept of news shock and have implications for business
cycle analysis. It also breaks the conventional fallacy of composition in
information economies: wider investor access to private forward information
does not necessarily deteriorate aggregate market outcomes. This suggests
that predictable demand-side policy signals and information disclosure on

future demand shocks can improve welfare.

Appendix A. Equilibrium Definition

DEFINITION 3. A rational expectations equilibrium in this economy consists of
a sequence of information choices {Teyt, Texts Tuwt, Teyit-+1s Tewit+1, Tvwit+1}, TiSky
asset prices {p;}, and portfolio holdings {qi, Girr1} defined for all t € [0, 00),

satisfying the following conditions:

(a) At the start of period t, each G -investor i selects signal precisions Tey,
Tewt and T,z to mazimize ex ante utility ]E[— exp(—pWiHﬁ) ‘ " 1}

subject to the information capacity constraint (4);

(b) In the portfolio choice stage of period t, each Gi-investor i allocates gy
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to the risky asset to mazimize E[— exp(—pWigi1+) | Zy|, taking asset

prices and realized signals as given, subject to the budget constraint (3);

(c) At the beginning of period t + 1, each G;-investor i chooses signal
PTECISIONS Teyit41, Tewit+1 ONA Tygizy1 L0 mazimize ]E[— exp(—pWiHﬁ) |
iﬂ; conditioning on private signals acquired in period t, subject to the

information capacity constraint (2);

(d) In the portfolio choice stage of period t+1, each Gi-investor i holds i1
in the risky asset to mazimize ]E[— exp(~pmt+1+) ‘ ZHJ, treating
current and lagged signal realizations together with asset prices as

exogenous, subject to the budget constraint (1);

(e) The risky asset price clears the market via the equality of aggregate
demand and aggregate supply:

/ qir di +/ Git — Qit—1 dt = Ty + 2 + / Gie—1di. (A1)
i€Gt 1€Gt 1 i€Gt—2

Appendix B. Model Solutions

Appendiz B.1. Investors

This section works out investors’ optimal information and portfolio choices,
taking price coefficients and market aggregates as given. Without loss of
generality, the model is solved in period t. Note that although A, depends on
7y (B.46), which is not Z; |- or Z;;-measurable, the solution to the optimization

problems faced by investors are not affected.
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Appendiz B.1.1. Bayesian updating

At the beginning of period t, all G;-investors are identical and thus hold
the same belief about period-t payoffs.

Their information choices, Teyt, Teyr and 7,.4, are also identical (we drop
the ¢ subscript for simplicity). Since the signal realizations G;-investors
receive in period t are different, at the t-period portfolio choice stage, they
hold heterogeneous beliefs about t-period payoffs. Some useful conditional
variances that we can use to simplify notation is the conditional variance of

dividend, current and future demand shocks in current period.

‘/Z/t = V(CZt ‘ Ilt) = 1/(Ty + Teyt + Tpt), (B].)
%t = V(i‘t ’ Izt) = 1/(T:E + Temt), <B2>
‘/:ft = V(:i't-H | Ilt) T 1/(7—$ + Tuzt)- (B?))

On the aggregate level, the period-(¢ + 1) price coefficients are
Z;;-measurable since there is a continuum of investors and thus the price
coefficients depend on the distributions of shocks, not the realizations.
Therefore, for G;-investor ¢, at period-t portfolio choice stage, the uncertainty
in the period-t excess payoff d, + apir1 — pyr comes from 4y, Ypi1, Ty,
Z411 and Ty, and the uncertainty in the period-(t + 1) excess payoff
dt+1 + apiro — praar comes from Ui, Y1, Yrro, Tty Tey1, Tepo and Typs. Thus

the corresponding conditional expectation and variance of the period-t excess
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payoff are

Vi = Var (dt + Qpiy1r — TP ’Iit)
=(1+ othH)Q\/;,t +aCl, 7, + aD Vi + BT, (B.4)
Eit = E[Jt + apiy1 — TP ‘ Iit]
= (]. + OéBt+1) |:,U/ —+ gdt—l + ‘/yt (Teytﬁ?t —+ Tptﬁip;)} alm ()éAt+1
+ OéDt—l—lVftTl/xtht — TPt. <B5)
For G;_1-investors, however, the signal realizations they receive in period t—
1 are different, which adds another layer of heterogeneity to their information
set. For G; i-investor i at the period-t portfolio choice stage, conditional

variances of the current dividend innovation, the current demand and the

future demand shock are

‘A/yit = VCLT( ~t ’ izt) = 1/(Ty + 7A'€yit + 7A_pit>7 <B6)
Amt = Var (%t | -,z.zt) = 1/(Tx + 7A_em't + TVCCt—].)? (B7)
V:cfit = Var(jHl | Ait) = 1/(7}; + fum), (B.8)

For G;_i-investor ¢ at period-t portfolio choice stage, the uncertainty in the
period-t excess payoff Jt + apiyr1 — per comes from 4y, Ypi1, Ty, Terq and Ty,

and the corresponding conditional expectation and variance of are

)A/it = Var (dt + apir1 — Tpr i’zt)
2. _ ~ _
= (1+ aBy1) Vyi + aCly7,  + aD? VS, +aE? 17t (B.9)
éit =E [Jt + QPry1 — TPy :Zzt]

= (1 + OéBt+1) [M +gdi—1 + ‘A/;;it (%eyit;]gf + %pitﬁg;)] + A

+ aDt—i-lVfit%wcitéixt — Tpt. (BlO)
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To obtain the expectation and variance of period-(t + 1) excess payoffs
conditional on Ztﬂ, Vitﬂ and Eit+1> we only need to change the time subscript
tin (B.9) and (B.10) to ¢ + 1. Notice that V; is Z;" ,-measurable, but V4, is
only Z;;-measurable, not Z;" -measurable. This is left to verify after we have

derived the ex-ante expected utility.

Appendix B.1.2. Optimal portfolio choice

In this section, I will solve for the optimal portfolio choice of G;-investor ¢
in both period ¢ and t 4+ 1. The solution will apply to any period t.

In period t + 1, G;-investor ¢ faces the standard one-shot portfolio choice

problem, and the solution is
Gits1 = Eiv1/(PVir1)- (B.11)

This solution is taken as given in period t. But note that because the
uncertainty in éit+1 is not fully resolved at the portfolio choice stage of period
t, the realization of ¢; 11 is not known, while its distribution is.

To solve the portfolio choice problem for Gi-investor ¢ in period ¢, plug in
(3) to the expected utility E [— eXp(—pVT/,Hﬁ) |Iz-t}, which is maximized by
choosing ¢;;. The expected utility can be simplified to

E[— exp(—pWiHﬁ) ‘Iit] = — exp(—prQWO)]E[exp ( — Prai (czt + apir1 — rpt) —
Plit+1 (JtJrl + P2 — Tpt+1)> ‘ Zit] :

To proceed, we first summarize the properties of the covariance term in

the following lemma.
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LEMMA 4. At the t-period portfolio choice stage, the covariance of the t-period
payoff and the (t + 1)-period payoff of the risky asset for Gi-investor i is
C: =Cov <gz't+1 (Czt—&-l + QP2 — pt+17’), dy + apre1 — per ‘ Iit)
= (2710275 + 0172 Vi + [1105(3s + 1) + d1ys7d] 7+
[7154(74 + 71) + 517471] Vft + [7155(75 + 7;,) + 517575” Tz- (B.12)
For the static model, C; = 0.

Proof. For Gi-investor ¢ at her portfolio choice stage, the t-period payoff of

the risky asset is
dy + apesr | Tie = 61 + Sadje | 74,71 + Osir + Oadiver | € + Osdpsn,

where 61 = (1+aByi1) (4 gdi—1) + @Apiq, 62 = 1+ aByyq, 03 = 03 = aCyyq,
0y = aDyyq and 05 = aFy .

The (t + 1)-period excess payoff is

Jt—f—l + apiio — PeyaT ‘ Liy = 11+ 720t | Tlogs oy + V:Iigtﬂ + 7157t+1 | 55; + ngt+1+
(Crialiyr + EryaTirs),

where v1 = (1 +aBio)(p + gp + g?di1) — 7Ba (p+di1) — rArps + adip,

Yo =g (1 + aBia) — 1By, ’Y:I = ”Y;, =1+ aBy2 — 1041, ”Yl = —rDy1 and

7§ =aDo —rki.

The expected period-(t + 1) excess payoff conditional on Z»Hl is a random
variable at the portfolio choice stage of period ¢, denoted by éit+1 | Z;;. From
(B.10), we have that

gz‘t+1 = (1 + CYBt+2) [,u +gd; + ‘Zyit—‘rl (%eyit—l—lﬁz:-i-l + 7A—pit+17§7,1':5+1)} +

~ é. R :l‘
aApo + DoV Towiti1&iipr — Pegal
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Recall that the period-t + 1 price signal for G;-investor ¢ can be written as

~ 1 bs
Y o~ ~, ~ ~T T
Mitr1 = Yt+1 + (17t+1 - IE["’fwl | Mit+1> ztD
Clit1
1 N - 7
+ Tet2 — E[$t+2 ‘ 5it+1}
2t+1
~ ~ ’ A ~T ’x
= Y+1 + <£Et+1 — Viits (Terit-‘rlnit—i—l + Tuztf¢t>)
Clit1
1 ~ "\/5 ~ ) :Cﬂ
+ Tepo — Vi Toait18iia1 ) -
2t+1

From the above two equations, we know

it | Tie = 1 + %2l | T T + ¥sUes1 + Valeqr | €2+ Y5y ya,
where
V3= (1 + @Bt+2)‘7yit+1 (ﬁyz‘tﬂ + %pit—ﬁ-l) —1rC1,

_ 7€ A ’ A ’
Y4 = 06Dt+2‘/;;it+17'um+1 — 1D + (1 + OéBt+2)Vyit+17'pit+1Vm‘t+1Tx / C1t+17

Vs = (1 + aBt+2)Vyit+17:pit+1‘/§1jt+17—x/C2t+1 - T’Et+1-

Using the assumption that ¢;, 9,11, T411 and 2,0 are zero-mean and
mutually independent, it follows that all third moments and cross moments

are zero. Thus

C. = Cov <git+1 (Cit+1 + api2 — Pt+17"), dy + QPry1 — PeT |Iit)
= (2710272 + 51’72’7%)‘/;# + [103(7s + )+ 51’73’73,}7'@/"‘

[1104(va + 1) + ] VG + [1185(v5 + 1) + 619598 7

The stationary solution of B; gives that v, = (1 + aByy2)g — rBiy1 = 0.

In the static model where a = 0, we have C;, = 0. O]
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On the other hand, the ez ante choice of precision of signals in the next
period is irrelevant absent of realizations of those signals. In other words,
Tewit+15 Teyit+1, Twwit+1 dO not enter the objective function and thus do not
affect ¢;; and ;141 if investors are still at the portfolio choice stage of period

t. We summarize it in the following lemma.

LEMMA 5. At the portfolio choice stage of period t, G;-investor i does not

need to consider information choice of next period.

Therefore, the optimization problem can be simplified to

P 22 1
max ;& — 5" 4Ve — rCi—t,
it it+1

which implies

&G
prve pTth}it+1.

In the static case (a = 0), C; = 0, which greatly simplifies the portfolio

it (B.13)

choices to ~ o

o E[dt | Iz't] — DT A E[dt ’ Iz't] — DT

- ~ ) it — ~ ~ .
[)TV(LT’(dt ‘ Izt) pVar(dt | Izt)

(B.14)

it

Appendiz B.1.3. Optimal Information Choices

In this section, I calculate the ex ante expected utility of G- and
G;_1-investors at the beginning of period ¢ when they have not made any
period-t information or portfolio choice, and then solve their information
choice problems, that is to maximize the ex ante expected utility subject
to the information capacity constraint. The ex ante expected utility of

G,_1-investor 7 is summarized by the following proposition.
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PROPOSITION 7. At the beginning of period t, the ex ante utility of G, is

E[exp(—prT/Viﬁ) |Z-t_1+] = —eXp(—,OTVVit—lJr) ‘it—ﬁ/f}itrlﬂx

exp(—u%ﬁ/(Zf}t_ﬁ)). (B.15)
where pg, and Sy 1+ are defined by (B.18) and (B.17), respectively.

Proof.
Step 1: Calculate IE[— eXp(—pVVitJr) ‘7:',,5]

Conditional on Z-t, the end-of-period-t wealth W+ is log-normally
distributed, and thus E[— exp(—pVVitJr) ZJ e —exp(—pE[VVifr ‘it} +
(p2/2)Var(mt+ |jzt)) Combining the budget constraint Wi+ =

rWi_1+ + Qi (cit + apg — ptr) with the portfolio choice of G;_;-investors (8),
we have E [W;,+ ‘ Z-t] = rWi_1+ +E2/(pVy) and Var (Wi ‘ Zt) = E2/(p*Vy).

Therefore,

it

R &2
E [— exp (—pWi+) |L’t} = —exp (—prWi_1+) exp (—2 L ) . (B.16)

Step 2: Calculate IE[— exp(—pVVitJr) ‘Zt_ﬁ}

By law of iterated expectations,

E[— eXp(—pWiﬁ) ‘ i-it—l“'] =E |:E[— eXp(—pWiﬁ) ‘ j:zt] j'-it—1+:|
&2 .
= — eXp(—pT’VVZ‘t_1+)E [exp (— 215;) Iit—1+] .

Let pg, = E[€y | Z;;_ ) and 3,1+ = Var(d, +aper1 —per | Z;f,). Conditional
on fit*ﬁ, é}t is still normally distributed. By law of total variance, f]t_ﬁ =

E[V, | Zt 1+ Var(Ey | Zi_,). Since Vi, is Zi_,-measurable, we have Var(&;
it—1 it—1 it—1
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)= S+ — Vir. And the total variance

it_ﬁ = Var (czt + apir1 — per

7o)
= [(1+ aByy1 — 1Cy)? + aCPy |7y + 12D (70 + Tome—1) '+

(D1 — rEy)* + o B} | T (B.17)

To compute the mean of £, by law of iterated expectations,

Mg, = ]E[gzt |Z‘t—1+} = E[Czt + QP — Per jit—l*]
r
= % + O[At+1 — 'I"At - TDtVli—lTVJ»’t—lgg‘f—l‘ (B18)

_T'—Oég

To work out E[exp(—éﬁ/@ﬁit)) |Z-t_1+}, it is useful to write it in terms

of the mean-zero variable &4 — g, **:

g\ |
exp | ——— | |Zi_
P( 2Vit> ‘ t—1+

E

4 2 4 2
gi — g (C:Z — Hé G e A
_ E{exp (_( t Alu&) a ( t Augt)ugt . Agt ) Iit—1+:| )
2V Vit 2Vi
Evaluating this expectation yields
. —1/2 9

~

Lip1+] =

Zt_lJr

~

=2
E [exp (— ;Ait )
it

=)
exXpy\ —=— .
22t71+

it

O

13See Veldkamp (2011). The general formula for the mean of the exponential of a
multivariate quadratic form of normal variables is the following: If z ~ N(0,X%), F, G
and H are non-random, then Elexp(z'Fz+ G'z+ H)| = |I — 2ZF|71/2 exp((1/2)G’(I -

9NF)ISG + H)
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The key feature of (B.15) is that period-t information choices only enter
through ]}m which greatly simplifies the optimization problem, as stated in

the following lemma.

LEMMA 6. At the beginning of period t, the information choice facing

G;_1-investor i is equivalent to

~ ~ -1
max _V;ft = _athJrl (Tw + Tl/:m't)
{+5y1t7+ezit7‘f-uzit}

7“2

(r —ag)?

—19 -1
1

subject to information capacity constraint.

1
C12t (T:E + 7A—em't + Tl/:):tfl)

+

Ty + 7A'€yit + (

Proof. From (B.18) and (B.17), it is clear that ug and 331+ are functions of
model primitives, price coefficients, precision choice and signal realization of
last period’s future demand signal, but have nothing to do with this period’s
information choices, 7.yit, Tezit and 7,2;+. The information choices enter the ex
ante utility (B.15) only through V. Therefore, maximizing the ez ante utility
amounts to minimizing Vy,, or maximizing —V;,. Using (B.9), and disposing
of terms that only contains model primitives and price coefficients, one gets

the equivalent objective function fijt O

PROPOSITION 8. The optimal period-t information choice for G;_i-investor 1
exists and is unique. Furthermore, it is I,” |-measurable and thus homogeneous

for all G,_1-investors.

Proof. To begin with, let me calculate the marginal utility with respect to
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Teyits Texit and Tyxit-

\ > T
IA/e it = — 8]}”
Y a'f_eyit
=r(r — ag) ?x
-2
+ Teyit + { ! + ! ]1
T Teyi — —~ ,
Y vt C12t (Tm + Texit + Tl/a:t—l) €22t (Tx + Tum’t)
)T
[A/ea:it = - 8})Zt
87—6331'15
= T2 (T - ag)_2<1_t2 (Tm + 7A—em't + Tuzt—l)_QX
lerret el -
Clzt (Tx + 'f-ewit + Tu:ct—l) C22t (Ta: + 7A-V:I:it)
-2
+ Teyit + { ! + ! ]_1
T Teyi — — ,
Y vt <12t (Tx + Texit + Tzzgctfl) <22t (TCE + Tuxit)
r = af}jt
vatt = aﬁ/zit
~ =2 9 . ~ -2
= othQJrl (Tw + Tym) + 73 (r — ag) (2 (Tx + Tymt) X
[armem el
Clzt (Tm + 7A—ea:it + Tumt71> C22t (Tm + 7A—l/:1:it)
—2

+ Teyit + ! + ! h
T, Teyi — —
Y vt Cth (Tz + Texit + Tl/zt—l) C22t (Tz + Tym‘t)

It is straightforward to verify that O]A)Jt [ 0T eyit, 8?; [ OTexit, 812-1 [O0Tywir > 0.
Computing the second-order partial derivatives further yields
2V 072, 0%V} /072,, 92Vi/or2. < 0. As a result, V), and
hence the ex ante utility function given in Eq.B.15 are strictly increasing
and concave with respect to the information choices Teyit, Tegit, and 7pgi. As

the information capacity constraint is linear, the solution to the period-¢
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information choice problem for generation-t investors (G;—1) exists and is
unique.

The F.O.C.’s for the constrained optimization problem is

f/eyit = )‘Wegp (B20)
IA/ea:it = )\76337 (B21)
ﬁum’t - )\'Yuwa (B22)
’Vey%eyit + ’Yexfe:pit + ’Yux%u;rit = K (B23)

Dividing (B.20) by (B.21), one can express 7,.;; in terms of 7., and dividing
(B.20) by (B.22), one can express T in terms of 7,.; and 7. Then
plugging them back into (B.23) pins down 7.,;. Because the F.O.C.’s depend
only on model primitives, price coefficients and 7,,;_1, and 7,41 is by
definition I;“_ ;-Imeasurable, period-¢ information choices of §;_j-investor @

is also Z;" ;-measurable. O

This means that despite the fact that Z.} |, the information set
G;_1-investors hold at the beginning of period t is heterogeneous, the
information that can be used for information choice is still homogeneous.
Information choices for both periods are determined in the very beginning,
and investors within the same generation all make the same information

choices for both periods.

LEMMA 7. The uncertainty in the variance of excess payoff resolves earlier

than the realization of corresponding shocks. More specifically,
(1) Vi, Vo and C are I," |-measurable;
(2) Vipsr is I;" | -measurable.
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PROPOSITION 9. The ex ante utility of G; is

E[—exp(—pWi1+) | 7]

A —1/2
N [1—2(r + 7. F| % x
Vitt1
5C2 c?
exp | —pr*Wip 1+ + ——t = o | X
8Vtvit+1 8Zt_1+vit+1

1 G?
exp | —= — +H]|, (B.24)
( 2(7';1—4—7'”;) ' _op )

where F', G, and H are defined by (B.26), (B.27), and (B.28), respectively.

Proof. Plugging in the optimal portfolio choices into the ex ante expected

utility, we have

E [ exp (—pWiss1+) |Itt1}

&; C, ~
S e d _
exp( (Vt Vtvz’t—i-l) < t + QPey1 pﬂ’)

& 4
San (dt+1 + apryo — pt+17’)>] .

it+1

= —exp (—pr2W0) E

According to Lemma 9, \A)itﬂ is Z;;-measurable. Thus the exponent term
in the above expression is a quadratic form of normal variables under Z;;.

Then we derive the ex ante expected utility in two steps.

Step 1: Calculate E[— exp(—pVVitHJr) }iit_t'_l}

Conditional on j.it+1, W11+ is a normal random variable. Thus
E [— exp (—pWirg1+) |-’2-it+1i|

A 2 A
= —exp (—pE [mt+1+ |Iit+l} + %Var(mt+l+ {Iit—l—l)) . (B25)
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Recall that Wi 1+ = Wi+ + Gira (thH + apiio — pt+1r). Plugging the
optimal portfolio, we have E[mt+1+ |Z~t+1} = rWy+ + c‘:'ft 41 / (pf/it+1) and
Var(Wi1+ |Z~t+1) = AiQtH/(pQ]A/itH). Plugging them back into (B.25), we

have

A &
E [— exp (—pWitt1+) ‘Iit+1:| = —exp (—prWis+) exp — =)
2Vii

Step 2: Calculating ]E[— exp(—pmt+1+) |I¢t]

Applying (7) to period t + 1, one has

~

E [— exp (—pWigy1+) |Izﬂ = —exp (—prWis)

~

1t+1

-1/2 2
Me,
exp| —— | .
QEtJr

On the one hand, note that S is Z," -measurable, and that e, 1s

Z;-measurable. On the other hand, W+ = rW;,_1+ + ql-t((jt + apiq — pﬂ”),
and g;; = &'t/ (pTVt) —C / (pthf}itH). Thus

E [exp (—prWis) | Za] = exp (=pr*Wig1+) hat,

where the rightmost item h; is the expectation of the exponential of a

linear combination of random variables, that is h; = exp(—éﬁ/ (QVt) +

Ci&i/ (2Vt]>it+1) +C?/ (2th>ﬁ +1)>. Therefore, by law of iterated expectations,
E [—exp (—pWirpa+) | Zit]

=K [E [— exp (—pWigy1+) |Ilﬂ ‘L‘t}

L ~1/2 2
=—|= exp | —pr*Wi_1+ + +2 X
Vz’t+1 2Vtvit+1

2
exp _5_55 i Ci&it - MétJrl
QVt 2Vt]>it+1 22,5-&- '
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Step 3: Calculate IE[— eXp<_pV[/it+1+) }I;r_l, ;’ﬂ

Conditional on Z;" | and &7, randomness in the above equation only comes

from &;. Let ,uit =E [&'t |Itt1, ﬁ] and Ef,ﬁ = V@T(Czt + apir — pir |
Itth ﬁf)
Mi‘t = E[Sit |It+_1,§f] = E[Gzt + apiyr — per ‘ It+—1a§ﬂ

r
— - agﬂ + O[At+1 — TAt + (OéDt+1 — TEt)‘/ftTl/.rté-g;-

And the total variance

L)

Zf_ﬁ = Var (cit + QP — per

1

= ((IDt+1 — T‘.E%)Z(’T$ + Tyzt) +

[7’2Dt2 + ozEfH}Tm + [(1 + By —rCy)* + Oéct2+1}7—y'
It is useful to write &; in terms of mean-zero variable &; — /‘g‘u that is

& (Ga—ng) (Ee—mg)rs ()

2 Vt 2 Vt Vt 2 Vt

Therefore,

2 )
Elexp(—5f + mrii) | Z]

—F (git,”a)Q Ce ,ugt & 3 (,ugt)2 Ct‘ugt I+
= [eXP<_ 2V, + (2thiit+1 - Tt)( it — Mgt) — oy, T 2th/¢t+1) } t—J

2
— c? 1 1 (‘ugt) Ct‘uét
= €XP{ g2 (V e ) CXP| — o5t S :
it+1 7t X+ 20 22,4 Vit

Putting them together, one has

E [— exp(—pWit+1+) ‘ It+—1’ th]

=E [E [— eXP(—PVViHﬁ) |Iit} ", Sﬂ
_ | B 2 2y 5¢2 %
= f}ifJA ‘ eXp( pr°Wi_1+ + Svtvi;m 825;%2”1) exp(f),

o1



where

25,4 QZf,ﬁ 22571+vu+1

Step 4: Calculate IE[— eXp(—pWit+1+) }If_l}.

2 €)? €
f= BTSN (“Et) Cope,

Conditional on Z;" |, the only randomness in f comes from 1, ,, and ,u’é,

1

both of which are functions of £4. Let M = ru/(r —ag) + oA —rA;. Then

f=F* +G& + H,

where
F= L in )2 [Qur D2, + 95 (aDpr - rE) B.26
= 75 WaiTvat 1 D 30 (Oé t+1 — T t) ) ( . )
A C
G =Virm [Qt+MrDt+1 —Qf | (aDyy — TE) <M - )] (B.27)
Vit
M? M? C:M
H= - — ——r (B.28)
22+ 2% v 22X Vun
The ex ante utility for G, investors is
E [— eXP(—PM/z‘t+1+) |IttJ
= E[E[— eXP(—PVVz‘tHJr) ‘Ittl) :fe] Ittli|
. —1/2
by - 1 G?
— |2t 1 —2(r;t + 70 F 1/2€Xp(—— — +H>
Vit 2 (7’;1 + Tl/_xlt) —9F
5C2 C?
eXP(‘PTZWit—H + AtQ T ooE : <>
8VtVit+1 82t,1+vz‘t+1
]
One can do a strictly increasing transformation of the ex ante utility:
def —E[— eXP(—PWit+1+> ‘Ittl]
i —21n[ ]
exp(—pr2Wp)
:lnH1+lDHQ+H3+H4, (B29)
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where

»
H === (B.30)

Vit+1

_ eTvat [ 212 3 2
H2 =1 —+ Vrt - Qﬁ?‘ Dt+1 + Qt_lJr (aDt+1 — TEt> s (B31)
5C? C?
Hy = ——— e, (B.32)
4Vtvz’t+1 4Et_1+vz‘t+1
G2

H, = —H. (B.33)

(o1 + le—xlt)—l —2F

Appendiz B.2. Market Clearing

In period t, G;-investors make the same information choices, while
G,_1-investors choose precision heterogenecously, dependent on what they
already learned in period ¢ — 1 about the period-t demand shock. This
effectively makes the aggregation of signals and expected payoffs for the two
generations different.

When aggregated, the noise in signals cancels out. The price signals of

Gi-investors aggregate to
/ i i = / & (p— A= Bidyy — DE[7 | 7] - BE[#1| &) ) di
’iegt ’ith t
171 1 ~ 1 ~
= 5 [g(pt — Ay — Btdt—l) - C—VtheztﬂCt - C_‘/ftTywtxt—&-l} )
t 1t 2t

(B.34)

Then the expected period-t excess payoffs for G;-investors aggregate to
o1 -
/ 0 Eixdi = 5{(1 + aBi)(p+ gdi—1) + aAir + (14 aBip1) Vi Tep G+
1€t

oDy (1 - ngtTm)i'tJrl — per 4+ (1 + aBi1) Vi e X
1 1 N 1 N
[a(pt — A - Btdt—l) - E‘/xtTextxt - EvgftTuxtxt—&—l} }

(B.35)
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For G, i-investors, heterogeneity in conditional variances makes things

more complicated:

~

Vo o~

yit!'pit Xp 7.

/ — My di
1€Gt—1

it

T fx
Mit fit—l] -

VyitTpir 1 )
= / L (pt — Ay — Bydy—1 — D{E [l“t
i€Gr—1

Vi Ci
B[] €]) di
1.1 1 1
= B [@pta(pt — A - Btdt—l) — Ezltjt — &Z%ftﬂ]a (B-36)

where

th = 2/ LTpt(l — thTJC) d’L,
€G- Vi

2oy = 2/ yAtTp L (1 a Vf}th) dz,
1€Gt—1

T
Vi
ViyiTpir .
Wpt = 2/ P di
1€G—1 Vit

are known by the market since the distributions of 7.; and 7,.; are
known. Define the average posterior precision of period-t excess payoff to

be ), = 2 fl €Gis v% di, the average ratio of the posterior variance of current

demand shock to the posterior variance of period-t excess payoff to be

Ag \75. . ~ Vit Teyit N 3 1
Xot = 2 fz‘egt = di, and w,; = 2 fz’egt | di. Then the risk premium
- it - 7

of G;_1-investors aggregate to

v . 1A
/ Qi = —{Qt[(1+aBt+1)(u+gdt_1) + A —ptr}—l—
i€Gi—1 Vit 2
(1 + aBiy1)wyde + aDita (Qt — XatTe) Tep1+
o1 1
(1+ aBiy1) |:wpt_ [pt - A - Btdt—l} -
Ci Cit
1.
—ZthtH} } (B.37)

2t

Z14T—
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Recall that the market clearing condition is

Ty + T + / Git—1 di = / iz di +/ (Git — qit—1) di .
1€Gt_2 1€Gt 1€G1 1

Plugging in portfolio choices, multiplying p on both sides and moving

to LHS, one has
- C . Ei Ci_ ,
p(xt—f—xt)—i—/ — dz—}—/ ( = &5 )d@+
icGe TViVits1 icG 1 \"Vie1 1V Vy
Ein_
/ it
i€Gi—a Vit—1

:/ Eit di—}-/ ‘?itdi.
icg, ™1 i€Gi1 Vit

Let’s work out RHS and LHS separately. RHS contains constants, p;, 4,

Cy
Ve Vit41

i't and .i't+1l

1 -
R,HS = th{(l + OtBtJrl)(lLL + gdtfl) + OéAt+1 + (1 + OéBtJrl)‘/ytTeytyt"i_
aDyyq (1 - V;iTx)ftH = pir + (14 aBi1) Vi <

1 1 1
[a(pt — Ay — Bidy ) — vaﬂextft - E(l - Vft'rz)i't—s—l} }—f—

1~
§{Qt [(1 +aBi)(p+ gdi1) + @Ay — ptr} +

(1 + aBii1) @y + aDiya (Qt — XatTs) Tes1+

1 1 - 1 -
(1+aB1) [@pta [pt — Ay — Btdt—l] - C_thj:t - C_Z2tjt+1i| }

1t 2t
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Collecting terms for 3;, ¥; and 74,1, we have

1
RHS = 2_er{(1 +aBi)(p 4 gdia) + Ay — prt

(1+ OéBt+1>VytTpt[ Py — Ay — Btdt_l)} }+

1
a(
1A
§{Qt (14 aBi1)(p + gdi—1) + @Ay — per]+
1
(1+abB) [@pta [pt — Ay — Btdtflﬂ }+
t

N 1 - _
(1 + aBy1)wyete — (1 + OéBtH)C—Zul’t-i-
1t

2t

_ 1 - 7.
|:OéDt+1 (Et_l — th’?'m) — (1 + OéBt+1)C—ZQt:| T, (BSS)
where

~ 1 1 - 1 3 1.~
Wyt = 570V Teyt + 50y, Nat = 5.2V + 5 Xat

Zy = %Qt‘/yﬂ—pt(l - Vfﬂ'x) + %221&7 Zy = %Qt%tTpt%tText + %th-

LHS only contains constants and Z;:

L 1. C 1. Co L
LHS = p(z; + 7¢) + §Qt+1r_);t — §Qtﬂ;t_11 + (14 aBy)wy 191+
1
thfl{(l + aBy) (i + gdi—2) + @Ay — prar+
1
(14 aBy)Vy—1Tp—1 [C—(pt—1 — A — Bt—ldt—Q)] }-1—
t—1
1¢-
i{Qtil |:(1 + OéBt)(,LL + gdtfg) —+ OéAt — pt,ﬂ“] +
R 1
(1+ aBy) |:Wpt—10_ [peo1 — At — Bt—ldt—Q}] }—
t—1
1 - .
(1+aBy) Zip- 181+
Cre—1

_ 1 - 1.
[OZDt<Zt__11 - Xa:t—le) —(1+ OéBt)—C ZQt—l} Tt.
2—1
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Notice that at the portfolio choice stage of period ¢, §;_; and 7;_; are constants.

For notational simplicity, let

_ 1. C 1. C_ 1
A = §Qt+17"_];t - §Qt ﬂ;t_ll + ZQt71{<1 +aBy) (i + gdi—2) + @Ay — prar+

1
(14 aBy)Vy—1Tp—1 [C' ) (pr—1 — Aso1 — Bt—ldt—2)} }+
t_
1A
Q{Qtfl [(1 + aBy)(p+ gdi—a) + Ay — ptflr} +
1
(1+aBy) [(;}pt—lm [pe—1 — Ay — Bt—ldt—QH }+

o 1 - .
yt— -1 —1T¢—1-
(1 + Oth)w t—1Yt—1 (1 —+ aBt)C th 1L¢—1

1t—1

Then

LHS = At + p[ft + pi‘t + OéDt [St_jl — >_<.’L‘t—17—17j| Zit - (1 + aBt)C ZQt_lj]t7
2t—1

(B.39)

Then we try to match coefficients of (B.38) and (B.39) with the following

linear equilibrium price relation:

pe = Ay + Bidi—1 + Coyjp + DiZy + By

Define the average market-wide posterior precision as 3,

Move (B.39) to RHS and ¥, 'pyr to LHS, and then multiply by X;/r on both

o7



sides. This yields

1- 1
o = ;Zt{Z_er [(1 + aBi) (1 + gdi—q) + @A+

1
(1+ aBpt)Vyerp [—
C,

1raA
5 |:Qt [(1 + OZBt_H)(,u + gdt_l) + OéAt_H} =+
1
(1+aBi) [@ptg [pt — Ay — Btdtfl]]:|+
t

- 1 -
(14 aByy1)wyede — (1 + @Bt+1)<—zlt$t+
1t

_ 1 -1,
[OéDtH (7" = Xaema) — (1 + aBt—i—l)C_Z%] L1 —

2t

(pr — Ar — Btdt—l)H"i‘

- . —_ _ . 1
A — pzy — aD; [Et_ll — th_lTx}:L“t +(1+ oth)C
2—1

Z_Qt—@t}-

It is easy to see that at the coefficients of p; and B;d;_; on RHS only differ in
1 1

sign. Define w,; = 2—QtVytTpt + —wy;. Again, move the p; term to LHS and
r

2
scale down so that p,r on LHS has coefficient 1:

2 1\ 1.
pr = (1 — Tt<1 + &Bt+1)wpta) X _Et{

.
5.1+ By ) (1 + gdi—1) + @A |+

1
(1+ OthJrl)(Dpta(_At — Bydi_1)+

t

_ L 5 .
(1 + OéBt—‘,—l)(Dytyt - (1 + OthH)C—thxt—l—
1t

_ 1 - 1.
[OéDt+1 (571 - Xiﬂ'z) —(1+ OéBt—i—l)C_ZQt] Tpp1—

2t

= - - _ - 1
A—p¥y —aDy[E]) — Xit—lTiL‘]xt +(1+ cht)C
21

Z_Qt—lft}-

(B.40)

58



From (B.40), it is easy to identify By, the coefficient before d;_;:
1- >, 1!
Bt = ;Zt<1 — 7(1 + O[Bt+1)wpta> X
S 1
[Zt_l(l +aBiy1)g — (1+ OéBt+1)@ptaBt]
t

Moving all B; terms to the left hand side, we have

it B 1\-11_ B 1711
Bt = [1 + <1 — 7(1 + OéBH-l)wpta) ;Et(l + OZBt+1)(Jth_:| X
t

&

by I S |
<1 — 7t(1 + OéBt_H)u)pta) ;g(l + OZBH_l).

Since

by 1\l 1
[1 + <1 - 7t(1 + OéBt+1)@pt*) —Zt(]. + aBt—l—l)@pt_

Ct T Ot
St _ 11
X (1 — 7(1 -+ O[Bt+1)wpta) = 1,

it simplifies to
1
Bt = ;g(l + O(Bt+1).

This is a linear difference equation and has a stationary solution'*

Ay

From (B.40), the constant term in the equilibrium price relation is:

5, 1\ !
A= (1= 251+ aBiy oy —
t ( r( +a t+1)wptct)

Ci

(B.41)

1 - 1 _
X ;Zt |i2t1(1 + OéBtJrl)lLL + aAt+1 - (1 + OéBtJrl)@pt_At - At .

14The stationary solution is obtained by setting B; = B, Vt in (B.41) and solving for B.
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Moving all A; terms to the left hand side, we have
1 _ _
At = ; |:(1 —|— (l{Bt+1)l[L — pi’t — At(At-i—b At-i—?) + aAt+1Etj| . (B42)

To emphasize the dependency of A, on A, ; and Ao, I write A,(A, 41, Aris)

instead of A,. Plugging in the stationary solution of B, we have

C:
The coefficient of g in (B.40) is:
5, o1\ i )
Ct = 1— 7(1 + O{BH_l)wpta ;Zt(l + OéBH_l)wyt.
Multiplying (1 - %(1 + othH)chtCit) on both sides and rearranging, we

have

)

r

Ct (1 + @Bt+1) ((Dyt -+ (Dpt) .

Since

Vit (Teyt + Tpt) = 1 = Vi,

~

Viit (Teyi Toi LA Vﬁ .
Dy 4y = 2 vtlTei + Toit) 4o _ ¢y or vit 4,
Y p Y
1€Gr_q Vz 1€G1 1 Vz
one has
1 = _
Ct = r—ag (1 — EthtTy) y
where

~

1.V Vit ..
th;-Qt—ytJr/ LTS
r 2 1€G_1 VZ
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D;:
The coefficient of the x; term in the price relation is:
1- ¥, 1\-!
Dy =—5,(1= 21+ aBi)op— )
0= . 1+« t+1)wpt C

_ 1 - _
[—p —aDy (57 = oam) — (14 @Buin) oo Zae (14 aB) - —Za |
1t

2t—1

pY 1
Multiplying (1 ~Za+ aBtH)azptg) on both sides, we have
r t

it 1 _ = pit it 1 -
D, = — — Zy) — Zo
- ag Cut (wpt lt) r " 7 —ag (-1 2ot
Y
We can then solve for D, straightforwardly:
5, 3
Dy = [1 —a= <2;11 - X§t171>:| e
”
i]t 1 _ = pit it 1 -
— — Zy) — Zoy
{7’ —ag Qu (wm 1t> r " r—ag Q-1 o

For a better understanding of i, — Z, let Xyt = Vi, which characterizes
the proportion of excess payoff uncertainty that can be explained by the
uncertainty that comes from dividend innovation. When o = 0, the risky

asset is short-lived and all the uncertainty comes from dividend innovation.

Thus in this case y,; = 1. Notice that 7, = —— 1 = St ___Cl/Vi __
e T G GIVE Ve T GGV
= Ve IS VAL . intv-adi
Thus ¢, = 2 Cit T Ve Ve is the future-uncertainty-adjusted
signal-to-current-noise ratio. Then define the market-wide average
future-uncertainty-adjusted dividend-to-total-uncertainty-weighted
signal-to-current-noise ratio to be
411 Viictoit vy .
CL = — | =WV Ve +/ yut_pt Vi d2 (B.43)
Cue | 2r i€ Vit

61



When a = 0, at = %Q Then (f,: — Z1)/Cy = fthTx.
B

The coefficient of the term ;. in the price relation is:

1_ 5, 1\"!
E = -5 (1= 251+ aBy o, —
0= t( 7"< +a t+1)wptct) X

- 1
|:OéDt+1 (Z;l — )_Cith> — (1 + OéBt+1)—<—‘
2t

z‘%} |

Multiplying both sides by (1 — %(1 + aBtH)chtcit) and rearranging, we

have -

X 1 1

Et = . Oégé_ (wpt — ZQt) + OéDt+1 (1 — EtthTz) .
- 2t
. — 1 — (ST Cét/(vfft) [ — Tptv —
Notice that 7, Vet GAVE VS G Vet IVE Thus ¢, = ™
(ot — % is the future-uncertainty-adjusted signal-to-current-noise
1t/ Vet Thot

ratio. Then define the market-wide average future-uncertainty-adjusted

dividend-to-total-uncertainty-weighted signal-to-current-noise ratio as

- 1 |1 VZ Toi
1= — Qtvytrptvi + / VP di (B.44)
C2t 1€Gt_1 it
We can then write E; as
1 _ Y -
Et > ;aDt—i-l (1 — Ztiit’rx> + _t gggth. (B45)

In the static case, we have F, = ¥, £t oo which implies that F; = 0.
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Appendiz B.3. Ezistence of Linear Equilibrium

The price coefficients are

T )y
At == L - Q — —At(At+1, At+2) —tOéAt+1Et7 (B46)
r—ag r r
B=—7_ (B.47)
r—ag
1 =
Ct = r—ag (1 — ZthtTy) s (B48>
— -1 — — —
DI pIF 3 Y 1 -
Dt = |:]_ - O(—t <2t_711 — X§t17—$>:| |: ¢ LTx - L X + ! ZQt—l s
r r—ag r r—ag (1
(B.49)
_1 = ¢ e
E, = ~aDyy, (1 . ztxmfx) + . (B.50)
r r—ag
Appendix C. Proof of Results
PROPOSITION 10. In the Benchmark model, under Assumption 1:
(a) An equilibrium exists if K < £- 7“+1 v Vey Vez -
(b) In both periods, investors make identical information choices Tgt =

7'5 it+1 K/’yﬂ/ and T, ext Te:r; dt+1 T f K < pr\/ P)/Eyfyﬁl?/(r + )7 and
arbitrarily allocate precision to T, yt and 78, if K = pr/Aeve/(r +1).

(¢) The signal-to-noise ratio CtB =—K(r+1)/(pre)-

(d) The posterior average variance satisfy (Z_]tB) = (r+1)[r,+(¢P ) .| /r—
P
Proof of Proposition 10. In the benchmark case,

r+1 r+1
—Te;vtCtQ + PCt + TTeyt = 0.

63



Plugging in the solution for 75, and 75,, we have
r+1 | K .
oG =LK [1 " ﬂcﬁ} <0, )
r Vey Vex

or

1\? K 1\? K
(7”+ ) —<;*—p2<3+(” ) —0,

r Vex r Vey

This is a quadratic equation of (2. We pick the solution which is consistent

with the limit. Thus

PP - \/p4 — 42 K>2 (=)’
Yex Ve T

=~

PROPOSITION 11. In the Benchmark model, under Assumption 1:
(a) Price coefficients CB >0, DF < 0.

(b) The equilibrium signal-to-noise ratio |(;| rises with information capacity
K, falls with demand-shock learning cost Ve,, and is invariant to prior

precisions T, and T,.

(¢) Posterior average precision (S2)~! increases in K, the prior precision
of the dwidend innovation 1,, the prior precision of the demand shock

T, and decreases in demand learning cost Ve;.

d) A larger K raises precision assigned to both signals, 72, and 75,. A
( g p g g

ext eyt
higher ~ye, increases the precision of the current dividend innovation T£t
and reduces the precision of the current demand shock T2,. Information

allocations do not respond to prior uncertainty levels.
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Proof of Proposition 11. Recall that (i}tB)_l = [Ty + (Cf)27'x] — pCP.

r

Taking the partial derivative with respect to |(P|, we have

0(2) "
e

r+1
=2 r |<tB|T:E+p>O'

By chain rule, we have

o(2)"  9(3P)  o|ch

ok~ ool ok %
— o\ —1 <\ —1
o5 o(st) ok,
8’7613 a|C15| 3%;:; ’

0(38)" 0(BB) 0Pl rtl e
or, oGl om o r (&7)">o.

cPock osP o(xF)”
Ty 3258(25)‘1 9|
= =5\ —1
D (oDP osP O(X7) —  oDp | 0lcP|
OXP o(sp) ol oIl ) | oK

oV (pt)
0K

Tx

Same as in the main model.

B B B B
aTeyt o aTeyt aTeyt aCt

oK 0K | of 0K

The first term

orB 1
L > 0.

4
aK 2763/ <,YEYZ§ + 1) ('YEKC4
Yey L'f’l)

Yex
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dTgt _ 8T£t n 87’% 8<tB -0,
dK oK ¢’ 0K
—~— ——

>0 <0 <0

de;t _ 8T£t 8T£t ¢k
dK 0K — 0¢P 0K’
~—~ ——

>0 >0 <0

dTgt _ 8T£t 87—51& agtB
WYz Mew  OF OVew’
—— S

>0 <0 >0
dTe";t _ 8T£t 87}1; 3CtB \
WVew  OVew  OCF Over
L i

<0 >0 >0

o A-B
Nex 2020

where

a¢P
8’761

condition holds. O

< 0 always holds when r, K, p, ez, Ve, and the equilibrium existence
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Proof of Lemma 8 (Comovement of ;" and |(;|). The signal-to-noise ratio
is ¢ =[S = (r+ Dry/r] /[(r + 1)G7e /7 — p], which leads to

r+1

— r+1
D

Ty (C.2)

Taking partial derivative with respect to (;, one has

ox;t r+1
=9 T+ p > 0.
8|Ct| r Kt’ 1Y

The information processing capacity K, learning costs ez, Ve, and 7,,., and

the prior precision of dividend innovation 7, affect 3, ! solely through |¢|.
Thus any change in |¢;| caused by K, Yez, Yey, Yva O T, Will be accompanied

by a change in ¥; ! in the same direction. O]

Proof of Proposition 4. Recall that ¥; ' = %Et + 3,, which leads to 5t =
L+ L7 + Ty + G (5270 + L7eat + Tewt + Towr—1). Plug it into (C.2), we
have

1 R R 1 R
(;Text + Tewt + Tl/CCt—l) CtQ + pCt + ;Teyt + Teyt = 0. (C?))

This is a quadratic equation of (;, which has two solutions. We pick the larger
solution, since when there is no demand information, the solution converges
to the unique solution in the models where there is only dividend innovation

acquisition.

—p + \/PQ 4 %7-6:1: + 7/;61‘ + 721/9: - %TE + 7/;6
Ct _ (1 t i t i t 1) ( yt yt) <o <C4)
2 (;Tezt + Text + Tl/a:t—l)

O
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Appendiz C.1. Information Choices

Proof of Proposition 1. (a) is obvious to see since 7,,;; does not enter the ez
ante utility.
(b) The Lagrangian is

E = ffey%eyit + iey(ffezit - A ([7&:)37262;1;175 + ’Yeylf—fyit] — K) 0

The first-order conditions are

oL - .

OTeyit = Loy = 2Ny Teyie = 0,
oL - .

87A'Em‘t = Lethz - 2A,}/€$T€1}Z’t - 07

which yields

~ Vey -2~
Texit — — Gt Teyit- (05)
ex

Plugging (C.5) into the budget constraint yields the optimal information

choices. O

Proof of Lemma 2. To simply calculations, one can do a strictly increasing

transformation of the ex ante utility

E [— exp(—pWit+1+ | 1;1)]

def K
= —21
v " exp(—prQWO)

=In H1+1n HQ+H3+H4, (CG)
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where

Var (JtJrl \ j-it+1> + Xz + 2,

H, = - - , (C.7)
Var (dt+1 | Iit+1>
VYar (Jt ‘ Izt) + ZS
Hy = - : (C.8)
VYar <dt | Izt)
22 252
Hy= 178 , (C.9)
Var (dia | Zun ) + Sz + %
$2 272
Hy = il % (C.10)

VYar (Jt ‘Izt) + ZS'

Notice that 7., and 7., enter only through Var (czt | Lt) and Xg via Hy
BVar(Jt |Iit) . BVar(Jt |Iit)

and Hy. Thus we only need to check whether —;— g (i and
% = %CE hold. Recall that
% <cZ 1z ) !
ar i = .
! ' Ty + 7_eyt + Ctz (Tx + Text)
Then
oVar ((jt ‘ Izt) 1
=— - (C.11)
aTeyt [Ty + 7—eyt + <t2 (T:L" + Teact)]
oVar <d~t ‘ I’Lt) <t2
3 =— - 5. (C.12)
Text [Ty + Teyt + G (Tw + Tewt)]
Thus 2t _ 20er(&18) 2015, One has
v b2 wt T G e
Vg =243 4 Teyt F G Teat (C.13)

Ty Tz [Ty Tt Teyt + & (72 + Temt)]Q

69



Take partial derivative with respect to 7., on both sides, one has

825 . 2b2 Ty 2b3 CtT:v
OTeyt Ty [+ Ty + G (To + Teat)]” To [1y + Teye + G (7o + Tewt)]”
1 € 2 €T
+ e oo TwtSiTer gy
[Ty + Teyt + 7 (Te + Tear)] [Ty + Teyt + G (T + Tear)]
825 . 2b2 CtQTy 2b3 CETZL«
aTezt Ty [Ty + Teyt + CtQ (7—3: + Teact)]2 T [Ty + Teyt i <t2 (TIB + Tﬁmt)]Q
¢ o2 Teyt + G Teat
h .
[Ty + Teyt + Ct2 (Tm + Text)]2 [Ty + Teyt + CtQ (Tx + Temt)]g
(C.15)
Therefore gz:t = gzjt ¢? holds. O

Proof of Proposition 2.

Step 1: Calculate learning indices

On the one hand, from the proof of Lemma 2, we know that the learning

index associated with the signal for the current fundamental shock is
Leyit =0ln Hg/(?nyt + (9H4/(97'Eyt,

with

O0ln H2 . 1 %
aTsyt [VCLT(CZt | Izt) —+ Es} VCLT(CL | Izt)

05 . oVar(d, | Ty
Var(d, | Z;) — ———1=H 5]
aTeyt ar( ¢ | t) 3T€yt S
OH, 32272 [azs OVar(d, \L-t)]
OTeyt [Var(cit | Zit) + 2 5}2 OTeyt OTeyt '

where 9%g/07.,; and OVar(dy | Ziy)/O7ey are calculated by (C.14) and (C.11).
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On the other hand, notice that 7,,; enter the ex-ante utility function only

through Var(a?tﬂ | iit+1>7 Y7 and ¥, via H, and Hs. Thus

Lum’t =0ln HI/aTuzt + aHB/aTuxta

with
8(22 + Ea) = A 8Var(Jt+1 | j'_it—&—l)
dln H, _ aT—mVCLT(dtH | Zit1) — O (Xz+ %)
aTyzt [VCLT(dt_H ’ Iit-i—l) + ZZ + Ea} V(I’l“(dt_H | Iit—i—l) ’

= — — 5 X
aTI/xt [VCLT(dH_l | Iit—i—l) + ZZ + Ea}
[6(22 + Za) + aVQT(d}+1 | iit+1):|

aTl/J}t aTth

Recall that

Var(dt—‘rl | j.it—f—l) = 1/<7—y = 7A—eyit+1 + CtQ-H (TJ: + %exit—i—l + Tuart)) .

Thus
oVar (JtJrl ‘ Z;m) 2
2 A 2 A
(9 = _Ct+1/ |:7—y + Teyit+1 + <t+1(7_x + Texit+1 + Tth)] .
Tyt
One has
A 2 A
a? a% + c? Teyit+1 + Ciyq Tewit+1

S+ 8. =2+ - 5 - 3
Ty Te + Tuxt [Ty + Teyit+1 + Ct+1(7—96 + Tezit+1 + Tuzt)]

Taking partial derivative with respect to 7,,; on both sides, we have

92z + %) _ 2a2 Gty B ai +c?
aTth Ty |:7—y -+ %eyit+1 + Ct2+l (Tx + %exit+1 + Tuxt)} 2 (T:p + Tyxt)z
2&3 CtJrl N Cg—l—l(,rx + Tuxt)
Tz + Tyxt D D2
20 Ct-i—l B C,53+17—1' . 2C2 %eyit—&-l —+ Ct2+17ﬁewit+1
Te + Tyat D D2 t+1 D3 )
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A A A . .
where D £ 7, 4 Teyir1 + (i1 (Te + Tewit+1 + Tuwe) for notation brevity.

Step 2: Characterizing information choices with F.O.C.’s and information

capacity constraint

The first-order conditions to the information choice problem are

oL
87—5yt = Lsyit - 2/\’yey7—6yt - 0,
oL
angt = Lsyitg,? - 2)"76557—651:15 - 07
oL
= Lum't - 2)\7u:p7—uxt = 0.
aTumt

Dividing them against each other, one has

Yoz Leyit
Teyt = Tzt
Vey Luazit
Yz Leyit 2
Text = Ct Tvxt-
Vex Ll/:rit

Plug them back into the budget constraint (4), one has

2
Luxit

Yey Yoz

Define

f- _ Lgyit _ 8 In H2/87'€yt + 6H4/87’Eyt
"= Ll/a:it (9 In Hl /8Tuxt + aHS/aTuaxt .

Then Eq.(C.16) simplifies to

Vo Vva K
( 2 4 Qe ,%+1) _

€y €T vx

2
Tva Yz Yva 4 K
: < Lgyit + Yew LzyitCt + Lzmt) = .

(C.16)

(C.17)

]

Proof of Theorem 3 (Price Volatility). The unconditional price volatility is

Var(p,) = C¢7,7 ' + Dj7,;'. Take partial derivative with respect to K, we
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have

GVar(pt) —9 Ct acta_i:t Dt (8Dt 8it aDt):| act

oK 705,06 . \om oG oG )] oK

(C.18)
We then need to determine the sign of the term inside the square brackets.
To do that, we first derive the partial derivatives of C; and D; with respect

S 9Cy _ _r4l_ Dy _ 1+l 8Dy _ 141
to X; and (;. We have S5 = —47, &2 = G — p, oD — 18,7, and

0%,

e = 57 (p—221¢7,). Thus the term inside square brackets becomes

G.0C,0%: | Dy(9D.35: | 0Dy
Ty 8it 8Q Ty 82,5 8C 8Ct

1-"H%7/ r+1 \- r+1
= r Y (— Ty>2? (p -2 Cm)

Ty r T
Tj—litgﬂz - Pit

Tx
) 1 1. 1
—zf{“r (1—7”r zgy)<2r+ CtTm—p)
T T

T
r+1 ) r+1 r+1
< Cth - P)_t<,0_ 2 <t7x> _'_
T T T

r+1
r

+

(r—i—l

GiTe — P> b (P —2 Ct%) +

r+1
+

CiTe — p)

Let

A= [ (- [F ) ([ o )
+ ([ ]am o)~

<[T—7fn—1}§t7'x _P> (St/Tm) (p_ 2[7”‘;1}@%) N 7"—71:1

For a given parameter region, we determine the sign of A.

For A<0,¢<0,p,7,7, >0and 5" = =7 + 72— p¢ > 0 to
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hold simultaneously, we must have
1 1\?
2" 243 (” ) e
r r
r+1\7 r+1\° r+1
- ( , ) TeTypP — p3 +2 (T) Tx27'y§t +4 (T TprCt

1\* 1\’
=5 () e (T e
T

Substituting the expression of 3, and solving for (;, we obtain the feasible

0<% <

sets:
o {¢]¢G <0}, if 7 > Qy;
. {Ct](’tggtor@SCt<O},isz<Tx<Qx;
e [G1GC i< <,
Since 9¢;/0K < 0, the sign of OVar(p;)/0K is:
(a) if 7, > €, then OVar(p,) /0K > 0;

(b) if Q, < 7, < Q, then

OVar(p,) =20, G < or G <G <0,

oK <0, if£t<Ct<§t;

(c) If0 <7 <9, then

OVar(p,) =20, G <,

0K <0, if¢ <G <O0;
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