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METODA: Raziskovalci razvijajo decoupled PINN arhitekturo, kjer je cijena uéenja pod
Black-Scholes omejitvami, medtem ko je volatilnost ué¢enje neodvisno. Stop-gradient
operacija odstrani problem s €etrtiSnjo gradientom in omogo¢&a strukturno invarianco.
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KLJUCNE UGOTOVITVE:
Decoupled PINN arhitektura omogoca strukturno invarianco volatilnosti.

Volatilnost je predstavljena kot gatovano mnoZzico dveh ekspertnih mrez.

Metoda je potrdljiva na sintetiCnih dvojregimnih povrSinah in stvarnih opcij.

Volatilnost R2 na 10% podatkovna denscina je 0,97, pri Cemer je Dupire-ov baseline 0,342.
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1. Introduction

1.1. Motivation and Context

The local volatility model developed by Dupire [1] and Derman and Kani [2] has a
special place in quantitative finance. As the only continuous diffusion model which can be
constructed from a complete, arbitrage-free set of option prices, it offers a model for a rich
set of market data. The local volatility model relies on the forward Black-Scholes equation in
the strike-maturity plane to connect the local volatility surface o(t, S) to the observable call
price surface C(t, K) through the ratio of first- and second-order partial derivatives. Given
this model, calibration is considered to solve an inverse problem in which the local volatility
surface is recovered from a finite and noisy data sample of option prices.

In a functional-analytic perspective, the inverse problem is ill-posed. The mapping of o
to prices is compact in the natural function spaces, and thus, the inverse is unbounded; the
recovered volatility surface can have large spikes given the compact mapping of prices can
have small changes. While Dupire’s formula is an analytic solution, it requires the inversion
to be implemented using the numerical differentiation of the total implied variance surface,
which is interpolated and has the second derivative of C with respect to K, which is also an
interpolated quantity. The estimates of local volatility, given the conditions of the market,
are very noisy and therefore are of no use. These noisy conditions include the presence of
a boundary of near expiration options, illiquid and distant options, and an overall lack of
orders in the market. Dupire-calibrated volume surfaces are documented and described as
needing a significant amount of editing after the initial calibration and often fail to yield an
acceptable surface, even after the implementation of careful regularization, when the data is
sparse.

Volatility surfaces exhibit the signature of fractal structures and do not show monotonic
smooth transitions. Periods of calm intersperse with volatility spikes. The calm periods
are characterized by levels of low volatility and symmetric smiles and are interrupted by
crisis segments that contain surfaces that are skewed in a negative direction. The frequent
appearance of these structures within empirical studies of volatility present a challenge for
calibration methods.

1.2. Physics-Informed Neural Networks for Computational Finance

Physics-Informed Neural Networks (PINNs) [14] strike a balance between data-centric
regression techniques and the classical finite-difference method. Since the training loss of
PINNSs is a function of the residuals of PDEs, it defines a surface within a constraining
manifold, where some form of implicit regularization is built-in. This characteristic is beneficial
when the data is limited or of low quality. The utility of PINNs has been demonstrated
in several studies across fluid and solid mechanics [15, 16] and in the biomedical domain
[17]. In the context of computational finance, the parabolic equations of the Black—Scholes
framework define the natural problem domain. In the context of the forward problem of
pricing certain families of parametric options, the works of Salvador et al. [18] and Dhiman
and Hu [19] achieved a level of accuracy comparable to available closed-form solutions. For
the inverse problem , recovering o(t, S) from observed prices , a growing literature has
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emerged: Berardi, Cosma and Tessitore [21] proposed an adaptive curriculum for a coupled
price-volatility architecture; Almanstotter et al. [22] recast the problem as a constrained
optimisation amenable to augmented Lagrangian methods; and Bergmann and coauthors
[20] studied coupled architectures with stochastic interest rates. A common thread across all
these contributions is a monolithic architecture: a single multilayer perceptron represents
o(t, S), the PDE gradient flows back through both the price network and the volatility
network simultaneously, and regime structure , if present , is discovered post-hoc through
clustering applied to the recovered surface.

This paper identifies and resolves a gradient pathology inherent to the monolithic coupled
architecture, proposes an architectural mechanism for in-training regime decomposition, and
provides the first systematic head-to-head robustness comparison between a PINN-based
inverse calibrator and the Dupire finite-difference baseline under controlled noise and sparsity
degradation.

1.3. Contributions
This paper makes three principal contributions, each supported by quantitative experi-
mental evidence.

1. Decoupled inverse PINN with structural A-invariance. \We propose training the
price network and the volatility network with independent optimisers, and detaching
the volatility parameters from the Black—Scholes PDE residual during price-network
back-propagation. We demonstrate analytically (section 2.5) that this detachment
severs a fourth-order gradient pathway through the call-price convexity Css that causes
joint training to stall at R? < 0.40 for volatility recovery. As a structural consequence of
the detachment, the volatility RMSE is exactly constant across five orders of magnitude
of the PDE weighting coefficient Appe , a flat empirical profile that constitutes a proof
of structural decoupling and eliminates the most consequential hyperparameter decision
in the calibration workflow.

2. GatedSigmaNet: continuous architectural regime decomposition. We repre-
sent the local volatility as o(t, S) = g(t). oa(t, S) +(1 - g(t)). os(t, S), where Expert A
and Expert B are independent networks specialised to distinct volatility regimes, and
the gate g(t) is a learned smooth function of calendar time. The gate is not a binary
regime classifier: it provides a continuous, differentiable decomposition reflecting the
gradual nature of real market regime transitions, producing in-training interpretability
that does not require a separate post-hoc clustering step. Post-hoc k-means on the
recovered synthetic surface achieves ARI = 1.000, confirming that the surface itself
encodes the regime structure perfectly, while the gate and experts make this structure
directly legible during training.

3. Systematic robustness benchmark. We conduct the first head-to-head comparison
of an inverse PINN against the Dupire finite-difference baseline under a controlled joint
sweep of noise level and data density. The PINN achieves 4.8, —38.9¢ lower c-RMSE
across all conditions; at 10% data density, the PINN retains R? = 0.97 while Dupire
degrades to R? = 0.34 , a degradation that renders the Dupire output practically
unsuitable for pricing or risk management.
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Let us be very clear on what we are not claiming. The gate ARI achieved in the Block A
study is 0.003, which is a reflection of the soft, gradual transition learned. GatedSigmaNet
and a monolithic volatility network are on par regarding o-RMSE, while GatedSigmaNet
decomposes the surface into dual components that are readily interpretable by a human and
requires no further steps to achieve this. The real-data study in section 4.3, where the gate
did not show any transition consistent with the sampled SPY term structure from a rather
stable period, is a constraint that is readily interpretable, and we believe, enhances our study.

1.4. Organisation

Section 2 states the inverse problem, recalls Dupire’s formula and no-arbitrage conditions,
and provides the gradient-pathology argument for decoupling. Section 3 describes the
GatedPINN architecture, loss functions, and training curriculum. Sections 4.2-4.5 report
the experimental results in four blocks. Section 5 discusses implications, limitations, and
connections to adjacent literatures. Section 6 concludes.

2. Problem Formulation and Theoretical Background

This paper attempts to solve the problem of hidden state recovery. An option market
participant sees prices (that are subject to bid-ask friction, liquidity gaps, and reported
with latency) that are effectively numbers on a screen, but the reality is that the prices are
driven by a state variable (that is structurally unobservable), in this case, volatility. The
challenge is to create a reliable recovery of the state by establishing recovery volatility that
is consistent. The recovery must meet the no-arbitrage requirements that a logical market
would impose, and the recovery must remain consistent with small perturbations in the prices.
These requirements, data fidelity, physical realism, and consistency with small perturbations,
describe the structure of a regularized inverse problem, and is the motivation for the design
of the GatedPINN framework.

The natural language for expressing physical consistency in option markets is the Black—
Scholes partial differential equation. Under the local volatility hypothesis, a European call
price and the volatility surface it encodes are not independent objects: they are linked
by a parabolic PDE in the strike-maturity plane that must hold at every interior point of
the surface. This linkage is both the source of the problem’s difficulty and the key to its
resolution. It is the source of difficulty because inverting the PDE through explicit numerical
differentiation , the approach taken by Dupire’s formula , requires estimating second-order
derivatives of an already noisy, discrete price surface, an operation whose error grows as
the square of the grid spacing and becomes catastrophic under data sparsity. It is the key
to resolution because the same PDE, recast as a soft constraint in a neural network’s loss
function, provides global physics-consistent regularisation that does not require differentiation
of the data at all. The subsections that follow make this argument precise: section 2.1 states
the PDE and its residual; section 2.2 analyses the fragility of Dupire’s explicit inversion;
section 2.3 formulates the regularised inverse problem that replaces it; sections 2.4 and 2.5
establish the no-arbitrage conditions the solution must satisfy and demonstrate why the
volatility network must be architecturally decoupled from the PDE gradient to avoid a
training pathology that defeats joint optimisation entirely.
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2.1. The Black—Scholes PDE in Calendar-Time Coordinates

Let (St)==0 be the price process of a traded asset under the unique risk-neutral measure
Q. Under the local volatility hypothesis, (S:) satisfies the stochastic differential equation

ds: = (I'— q) Stdt+0(t, St) StdWQp (1)

where r > 0 and g > 0 are the continuously compounded risk-free rate and dividend yield,
W Q is a standard Q-Brownian motion, and o : [0, T3} R:_ R is the local volatility
function to be recovered. By It6’s formula, the time-t price of a European call option with
strike K and time-to-expiry t = T — t satisfies the forward Black—Scholes PDE

oc 5 , 0%C oc

E=EO' (t, S)S 052+(r—q)5 g—rc, (2)
on Q = (0, T] x R+, subject to the terminal condition C(7, S, K, 0) = max(S —K,0). The
Black—Scholes residual is defined as

ocC
res(t, S, K, ) := e 10%(t,5)52Css — (r—q)SG +rC, 3)

which vanishes at every interior point when C is the true call surface corresponding to the
true local volatility o. The residual rgs therefore measures how closely any candidate price
surface Cy satisfies the governing physics; driving it to zero is the the central task of the
PriceNet component introduced in section 3.2. The key question is how the volatility function
o(t, S) can be identified from observable prices , a question that leads directly to Dupire’s
formula and its numerical limitations.

2.2. Dupire’s Equation and Its Numerical Fragility

Differentiating the Breeden—Litzenberger identity [27] with respect to K and using eq. (2),
Dupire [1] derived the identity

ocC ocC
— +(r—q)K—/—— +qC
O-I%upire(r' K) = dt 1 ) dZCdK ’ (4)
2 K2

which in principle allows the local variance to be read off the market call surface. Prac-
tical evaluation requires (a) inverting a grid of observed prices to Black—Scholes implied
volatilities, (b) interpolating the total implied variance surface w(z, K) = g (t, K)t, and
(c) differentiating the interpolated surface numerically.

Step (c) is the source of instability. On a uniform strike grid with spacing AK and
independent price noise of stangard deviation ¢, the central-difference estimator of 0%C/0K?
has noise standard deviation 6 &/AK?. At representative values AK = 1% of spot and
€ = 0.5%, the signal-to-noise ratio on the second derivative is of order 0.2, and even aggressive
Gaussian smoothing introduces systematic bias in the recovered o. This paper provides
the first controlled experimental confirmation of this instability at varying data densities:
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Dupire’s R? collapses from 0.997 at full data to 0.342 at 10% density, while the PINN’s R? falls
only to 0.970. These insights necessitate an inversion strategy reconceptualization. Rather
than differentiating an interpolated surface, we re-conceive the problem as a constrained
regression where the dynamics are incorporated as a soft regularizer. The precise statement
of this reformulation is given in section 2.3.

2.3. Inverse Problem Statement

To situate the framework within the broader landscape of inverse problems, it is helpful
to appreciate the structural difficulty from a practitioner’s perspective. A market maker or
risk manager observes, at a given point in time, a finite grid of call option bid—ask midpoints
indexed by strike K and time-to-expiry t . These prices are noisy (bid—ask half-spreads
typically range from 0.5% to 2% of the option price), sparse (liquid markets may quote
only 10-20 strikes per expiry, with far fewer at long or short tenors), and asynchronous
(different expiries are observed at slightly different times). The goal is to infer from this
imperfect sample a smooth function of(t, S) that, if inserted into the Black—Scholes PDE,
would reprice all observed options consistently , and, crucially, generalise to strikes and
maturities that were not quoted. This is the local volatility calibration problem in its
operational form, and it is structurally identical to recovering a potential field from noisy
boundary measurements: a classical example of an ill-posed inverse problem in the sense of
Hadamard. Let D = {(t; S; K;, T, C;)}\, denote N noisy call-price observations. We seek
a pair (Cs, 04) , parameterised by neural network weights (3, ¢) , that solves the regularised
inverse problem

n,;ld? Ldata(Ct?) + Aterm Lterm(Cﬁ) +APDE LPDE(CO; qu) + Asmooth Lsmooth(aqb)/ (5)

where Lgata = iNz (Colti, Si, K, Ti) — C;)? is the price fit, Lerm enforces the terminal payoff
at collocation points, |roe is the mean-squared PDE residual at interior collocation points,
and [smooth 1S @ Tikhonov penalty on the gradient of og. The key departure from standard
PINN formulations is that the PDE residual in|epe is evaluated using ogs.detach() , a
stop-gradient operation that severs the computational path fromL rpoe to the volatility
parameters ¢. This detachment is not merely an implementation convenience; section 2.5
demonstrates that it eliminates a fourth-order gradient pathology that makes joint training
fail entirely. Before arriving at that argument, we first state the no-arbitrage conditions that
any admissible solution must satisfy.

2.4. No-Arbitrage Conditions

An admissible call surface must satisfy two model-free no-arbitrage inequalities. Calendar-
spread arbitrage is absent if and only if 0C/dt> 0 for all (S, K, t). Butterfly arbitrage is
absent if and only if 02C/0K? > 0, i.e. the risk-neutral density p(K, t) = e* 02C/9K? is
non-negative [5]. Both conditions are necessary for the local volatility to be real-valued and
finite. In our framework these constraints are monitored empirically on a held-out evaluation
grid and reported as violation rates in tables 1 and 3. Their satisfaction is a consequence
of the physics residual enforced on PriceNet rather than a hard constraint on the volatility
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network. The question of why the volatility network must be architecturally separated from
this residual—rather than simply penalised jointly—is answered in the following subsection,
which provides the analytical justification for the central design choice of the GatedPINN
framework.

2.5. Gradient Pathology of Joint Training

We now formalise the argument for decoupling. In a standard joint PINN, the total loss
L = Laata + Appeleoe is minimised over all parameters (8, ¢) simultaneously. The PDE
loss contains the term gj(t, S) - S* - Cy,ss, and its gradient with respect to the volatility
parameters ¢ is

— = — rac(Xe) . — 52 C . . (6)
¢ Q] ) Bs(Xk) Op 9,55 o

This expression contains Cy,ss , a second derivative of the price network , as a multiplicative
factor. Computing the full Hessian 92 | /¢ 99, as is implicit in the cross-momentum terms of
Adam, therefore requires four nested automatic differentiations of the price network: two for
Cs,ss, one for the product rule, and one for the gradient itself. These effective fourth-order
gradients scale as Q (0 S* | Cssss ). Early in training, when Cs has not yet converged and
Cs,ss 1S a noisy high-magnitude function, this term causes extreme oscillations in the volatility
weights. In our experiments, joint training consistently stalled with o-R? < 0.40 irrespective
of learning rate, architecture width, or gradient clipping. Applying the stop-gradient operator
og.detach() in the PDE residual reduces eq. (6) to zero , the PDE gradient no longer reaches
¢ , and decouples the two optimisation problems. The Pareto sweep in section 4.5.2 provides
the definitive empirical confirmation.

3. Methodology

3.1. Overview of the GatedPINN Framework

The GatedPINN framework comprises two neural networks trained simultaneously but
independently: PriceNet approximates the call-price surface C(t, S, K, t) and is supervised
by observed prices and the Black—Scholes residual; GatedSigmaNet approximates the local
volatility o(t, S) and is supervised by regression targets derived from the observed prices, with
a mild smoothness penalty. The two networks share the same domain of computation but
no gradient information; their training losses are evaluated and back-propagated separately,
with the volatility detached when evaluating the PDE residual for PriceNet, as established
in section 2.5.

Figure 1 illustrates the overall GatedPINN framework: the two-network architecture, the
independent optimisation loops, and the location of the stop-gradient (detach) operation.
Figure 2 provides a detailed view of the GatedSigmaNet mixture-of-experts structure, showing
the gate network, the two expert networks, and the mixing operation. PriceNet receives
all four inputs (t, S, K, t) and is trained on price data, terminal conditions, and the PDE
residual; the volatility o4 evaluated at PDE collocation points is passed to PriceNet as
a detached (non-differentiable) tensor, so that PDE gradients cannot reach the volatility
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weights. GatedSigmaNet receives only (t, S) and is trained exclusively on direct regression
targets for o.

Input Vector (x)
©00 ~J

Y
Gated Sigma Block

v v
Sigma Layer (X Units) Gating Layer (G Units)
h, = o(Wyx + b,) g = sigmoid(Wyx + bg)

Element-wise
Gating Mechanism

Output Layer (y)

Forward Pass
with Gating O Inpet

@ Dense Connection (Z)

eee @ Gating Unit (G)

Foriard Pags Output Vector (y) @® Gating Operation (©)

_wi;h Gating ‘ Predictions —> Data Flow

Figure 1. Overview of the GatedPINN framework. PriceNet (left branch) takes inputs (t, S, K, t) and is
trained on price data, terminal conditions, and the Black—Scholes PDE residual. GatedSigmaNet (right branch)
takes inputs (t, S) and is trained exclusively on volatility regression targets. The stop-gradient operation

() severs the computational path from the PDE residual to the volatility parameters ¢, implementing the
structural decoupling of section 2.5. Arrows indicate gradient flow; the dashed connection is blocked by the
detach operator.

3.2. PriceNet
PriceNet takes input X = (¢, S, K, t) 40, T] x R+ xR+ % (0, T]. Rather than passing

x directly to a fully connected network, we first apply a Random Fourier Feature (RFF)
embedding [28]:

Y(X) = sin(B1x), cos(B™X), ..., sin(BTX), cos(BTX) € R?*, @)
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where B ¢ R™* contains n = 24 frequency vectors drawn independently from N (0, o2 /)
with ox = 0.3. The RFF embedding addresses the well-documented spectral bias of deep
networks [29], which otherwise preferentially fit low-frequency components of the target
function and struggle to reproduce the rapid variation of the call surface near expiration
and at the strike boundaries. The embedded features y(x) pass through five fully connected
hidden layers of 128 neurons each with tanh activations, followed by a SoftPlus output layer

that enforces Cs > 0. The network has approximately 82,000 trainable parameters.

Loss and curriculum.. PriceNet is trained to minimise data +3_ term + W(€) L poe, Where
w(e) is a curriculum weight [30] that ramps linearly from 0 to 1 over the first 8,000 of 20,000
training epochs and remains at 1 thereafter. The curriculum prevents early-epoch gradient
spikes that arise when Cs ss is noisy. The terminal loss weight of 5 reflects the relatively
small number of terminal collocation points compared to interior observations. The Adam
optimiser [31] is used with cosine-annealed learning rate from 10-3 to 10-°, and gradient
clipping at unit norm.

3.3. GatedSigmaNet
GatedSigmaNet takes input (¢, S) < [0, T]y [Smin, Smax] @and outputs oft, S) via the
mixture

o(t,S) =g(t) - oa(t, S)+ 1 —g(t) - os(t, S). (8)

Expert networks.. oa and os are two independent five-layer MLPs, each with 128 neurons
per layer and tanh activations. Their shared output activation is o = clamp(softplus(z) +
Omin, Omin, Omax) WIith omin = 0.05 and omax = 0.40. The pre-activation bias is initialised at
b =log(exp(0.15)—1) ~ -1.821, so that softplus(b) = 0.15 and o(t, S) = 0.20 at initialisation
, @ representative near-the-money implied volatility level.

Gate network.. The scalar gate g : [0, T] — [0, 1] is a two-hidden-layer network (32 neurons
per layer, tanh activations, sigmoid output) that depends exclusively on calendar time t.
The choice to condition the gate on t alone , rather than on (t, S) , encodes the prior that
volatility regimes are macro-driven phenomena that evolve over time, not state-dependent
effects localised to specific spot levels. The gate is initialised to output approximately 0.5.

Architectural interpretation.. The gate g(t) is a soft, continuous mixing weight rather than a
hard binary indicator. It does not switch abruptly between 0 and 1 at regime boundaries;
instead it provides a differentiable decomposition of the surface into two expert components
whose specialisation emerges during training. This soft character is by design: financial
volatility regimes transition over weeks or months rather than instantaneously, and a gate
that switches sharply at a fixed calendar date would impose a discretisation not present in
the data-generating process.

10
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Figure 2: GatedSigmaNet architecture. Input (t, S) is routed to two independent expert networks (Expert A
for calm-regime U-shaped smile; Expert B for crisis-regime elevated skew) and a gate network that depends
exclusively on calendar time t. The scalar gate g(t) JO, 1] provides a continuous mixing weight; the output
volatility o(t, S) = g(t) .oal(t, S) + (1 _g(t)) os(t, S). Volatility parameters are decoupled from the PDE

residual by a stop-gradient operation (x).

Loss and training.. GatedSigmaNet Minimises vol ¥ regression + 1072 smooth. FOr synthetic
data, the regression target is otwue plus proportional noise. For real data (section 4.3), the
target is the Black—Scholes implied volatility computed by Brent’s method from mid-prices.
The Adam optimiser is used with cosine-annealed learning rate fromy3d 10-3 to 3 10>,
gradient clip at 0.5.
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3.4. Dupire Baseline Implementation

For benchmarking purposes, eq. (4) is implemented as follows. Each observed price is
inverted to an implied volatility o by applying Brent’s method to the closed-form Black—
Scholes pricing formula. The resulting total implied variance surface w(t, K) = o3t is
interpolated onto a regular grid using the SciPy library’s cubic griddata with a nearest-
neighbour fallback at the boundary points, and smoothed with a Gaussian filter of width
ov = 1.5 grid cells, and differentiated using central differences to compute the terms of
eg. (4). This regularization is of the Tikhonov type and this implementation is a competitive
practical baseline. PINN and Dupire are evaluated on exactly the same grid.

4. Experimental Results

4.1. Experimental Design and Evaluation Metrics

All experiments are implemented in PyTorch and executed on NVIDIA GPU hardware.
The synthetic data generator, training loops, and evaluation scripts are fully reproducible; all
random seeds are fixed. Synthetic experiments use at-the-money options (K = S), ensuring
well-conditioned Black—Scholes implied volatility inversion.

We report: 0-RMSE and o-MAE on the full evaluation grid; coefficient of determination
R? between the recovered and ground-truth surfaces; mean-squared Black—Scholes residual
at collocation points; empirical calendar-spread and butterfly violation rates; and, where
applicable, the adjusted Rand index (ARI) [32] of the binarised gate g(t) > 0.5 against
ground-truth regime labels. For the real-data experiment, where no ground-truth volatility
is available, we report held-out price R? and implied-volatility RMSE on the test set.

4.2. Synthetic Ground-Truth Recovery

4.2.1. Synthetic Data Generation

A two-regime synthetic volatility surface owue(t, S) is constructed on the domain (t, Sk
[0, 1]x [60, 140]. The surface encodes two distinct regimes blended by a hyperbolic-tangent
transition of width 0.03: a calm regime (t < 0.40 and t > 0.70) with a symmetric U-
shaped smile of mean 0.15-0.17, and a crisis regime (0.40 t < 0.70) with an elevated,
negatively skewed smile of mean 0.27-0.32. The call-price surface C is obtained by numerically
integrating the Black—Scholes PDE and sampled at 50 calendar times, 25 spot levels, and 13 at-
the-money maturities (K = S), yielding approximately 7,500 price observations. Proportional
Gaussian noise of standard deviatioreg0.5%, 1.0%, 2.0%} is added independently to each
sampled price. The choice to train with K = S (at-the-money) options ensures well-
conditioned Black—Scholes implied volatility inversion: near the money, option vega is
maximised, and the price-to-implied-volatility mapping is smooth and stable. Extension to
the full moneyness grid is architecturally straightforward but requires additional care in the
regression target construction for far out-of-the-money options.

12



4.2.2. Volatility Surface Recovery

Table 1 summarises the recovery metrics across the three noise levels. The PINN achieves
0-RMSE of 7% 104, 1.8 «10-3, and 3.5 y10-3 at 0.5%, 1.0%, and 2.0% noise respectively,
with R? = 1.000, 0.999, and 0.996. All three noise levels yield a near-zero mean PDE residual
(~ 0.0023), confirming that PriceNet satisfies the governing equation globally. Calendar-
spread and butterfly violation rates are below 3% and consistent with the discretisation of
the evaluation grid.

Table 1: Synthetic recovery metrics. MSE and MAE relate to the full (¢, S) evaluation grid. PDE: Black—

Scholes residual mean squared errorx10-°. Cal-Viol/Butt-Viol: empirical no-arbitrage violation rates.
Gate ARI: binarized gate g(t) > 0.5 versus hard binary regime labels. PCA ARI: k-means clustering on
dominant principal components of the recovered surface.

Noise  0-RMSE o-MAE o-R? PDE (x10-5) Cal-Viol Butt-Viol Gate ARl PCA ARI

05% 7.0X10  48x10  1.000 4.2 0.012 0.005 0.003 1.000
1.0% 1.8X 10 1.2 X 10 0.999 5.1 0.018 0.009 0.003 1.000
20% 35%10  24%10 0996 7.8 0.029 0.014 0.003 1.000

Figure 3 shows the heatmap of ground truth, recovered, and absolute-error surfaces for
each of the three noise levels (0.5%, 1.0%, and 2.0%). There is virtually no difference between
the recovered surface and the ground truth for 0.5% and 1.0% noise. For 2.0% noise, surface
recovery maintains a clear and smooth regime and qualitatively shaped smile; however,
localized, small-scale oscillations are evident at the surfaces’ wings (where the training signal
is comparatively weak). Absolute-error concentration at the dashed vertical boundary lines
(t = 0.40 and t = 0.70) indicates that the error is structural and not evenly distributed across
the surface.
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Figure 3: Synthetic volatility recovery (section 4.2.2). Rows: noise levels € = 0.5%, 1.0%, 2.0%. Columns:
ground-truth owue(t, S), GatedSigmaNet recovery & (t, S), absolute error|6— owue|. Error concentration at
the vertical boundary lines and smile wings indicates a graceful degradation of error for increasing noise.
The vertical lines indicate the true regime boundaries at t = 0.40 and t = 0.70.

4.2.3. Training Dynamics

Training convergence at 1.0% noise, seed 42, is shown in Figure 4. From the first epoch,
there is a steady drop in the data loss and volatility regression loss. The PDE loss was
dormant until the 8,000th epoch, which is the boundary of the training curriculum, where
it was stimulated and caused a temporary spike before convergence. The trace for ATM
volatility o(t, S = 100) is anchored at the value of 0.199 (true value: 0.199) after 2,000
epochs and remained there for the next 18,000 epochs, providing a simple and interpretable
training sanity check. The curriculum prevents the catastrophic early-epoch gradient spikes
that would otherwise arise when Cgss is noisy, as analysed in Section 2.5.

4.2.4. PDE Residual Analysis

Figure 5 shows the spatial distribution of the Black—Scholes residual rgs(t, S, K, T) eval-
uated on the (t, S) grid at 1.0% noise. The residual is near-zero throughout the domain

interior; the one exception is a band of elevated values at t = 0.40, the location of the true
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Figure 5: Black—Scholes residual res(t, S) after 20,000 training epochs (e = 1.0%). Left: spatial heatmap on
the (t, S) grid (log colour scale). Right: histogram of residual values across all collocation points. Elevated
residuals are localised at the regime boundary t ~.0.40 where the surface gradient is steepest; the distribution
is otherwise sharply concentrated near zero.

regime boundary where the curvature of o(t, S) with respect to t is largest. This spatial
localisation is expected: the PDE residual measures the mismatch between the learned price
surface and the governing equation, and this mismatch is hardest to minimise precisely where
the volatility surface has the steepest gradient. Outside this band, the residual histogram
is sharply concentrated at zero, confirming global near-compliance with the Black—Scholes
equation.

4.2.5. Implied-Volatility Smile Cross-Sections
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0.70 B La f— 01700 {
0.168 PINN 0.5% 03 1 == PINN 0.5% A
. ! PINN 1.0% 1 1 PINN 1.0% 0.1675
== PINN 2.0%

~~ PINN 20%

0.166
0.1650

064 /1
01625

0.162 =
£ 0.1600

0.160

01575
0.158

01550 {77 Te T
0.156 PINN 1.0%

{ i 01525 1 - PINN 20% i

0.154
60 70 80 90 100 110 120 130 140 60 70 80 90 100 110 120 130 140 60 70 80 90 100 110 120 130 14
S S

Figure 6: Implied-volatility smile cross-sections at t = 0.15 (calm), t = 0.55 (crisis regime), t = 0.85 (calm).
Ground truth (dashed) and PINN recovery (solid) for three noise levels. The crisis-regime elevation and
negative skew are accurately reproduced at € = 0.5% and 1.0%; mild wing oscillations appear at € = 2.0%.

15



Figure 6 overlays the recovered and ground-truth implied-volatility smiles at three
representative calendar times: t = 0.15 (calm regime), t = 0.55 (crisis regime), and t = 0.85
(post-crisis calm). At 0.5% and 1.0% noise the recovery matches the ground truth across
the full moneyness range. At 2.0% noise, mild oscillations appear at the wings where the
training signal is smallest and the Brent inversion from noisy prices is least stable. The
qualitative shape of each smile, symmetric and U-shaped in the calm regime, elevated and
negatively skewed in the crisis regime, is reproduced at all noise levels. This confirms that
the GatedSigmaNet architecture captures the structurally distinct surface morphologies of
the two volatility regimes.

4.2.6. Regime Boundary Fidelity

Figure 7: Regi B dary Error Analysis (Block A)
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Figure 7: Regime boundary zoom near t = 0.40. Top: ATM volatility o(t, S = 100) against calendar time;
ground truth (dashed) and PINN recovery (solid) overlaid. Bottom: pointwise absolute error, peaking at
approximately 0.0025 at the transition centre and decaying rapidly on both sides.

Figure 7 zooms on the ATM volatility path o(t, S = 100) through the transition at
t = 0.40. The recovery tracks the ground truth through the blended tanh switch with a
peak reconstruction error of approximately 0.0025 at the transition centre. The error falls off
rapidly on either side of the boundary.The transition is neither blurred into a wider band
nor overshot, confirming that the GatedSigmaNet architecture does not smear the sharp
gradient of the two-regime surface through any excessive smoothness bias induced by the
Tikhonov regularisation penalty.

4.2.7. Post-Hoc Regime Detection and Gate Decomposition

Figure 8 presents the PCA-based regime detection applied to the recovered surface
slices. Two dominant principal components account for over 99.9% of the variance of the
recovered 6 (t, S); k-means clustering in this PC space achieves ARl = NMI = Purity = 1.000
, perfect post-hoc recovery of the two hard-label regimes. This result demonstrates that the
recovered surface encodes sufficient information to identify the true regime structure via
standard unsupervised methods, independent of whether the gate itself provides a sharp
regime indicator.
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Figure 8: Post-hoc PCA regime detection on the recovered surface slices. Left: scree plot showing PC1
explains > 99.9% of variance. Centre: projection onto two principal components, coloured by k-means
cluster label. Right: cluster assignment against calendar time, with true regime boundaries (dashed).
ARI = NMI = Purity = 1.000 , perfect unsupervised regime recovery.
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Figure 9: GatedSigmaNet decomposition (the synthetic experiment at € = 1.0%). Top-left: gate activation
g(t) overlaid on the hard binary regime indicator (dashed step function). Gate ARI = 0.003; the soft,
monotone profile reflects the gradual-transition prior. Top-right: Expert A surface oal(t, S), specialised to
the calm-regime U-shaped smile. Bottom-left: Expert B surface os(t, S), specialised to the crisis-regime
elevated skew. Bottom-right: binarised gate label g(t) > 0.5 against the true regime indicator.

Figure 9 shows the GatedSigmaNet decomposition. The gate g(t) decays monotonically
from approximately 0.93 at t = 0 to 0.08 at t = 1, rather than switching sharply at the
boundary t = 0.40. Expert A, which receives dominant weight in the calm periods, learns the
low-volatility U-shaped smile; Expert B, which receives dominant weight in the crisis period,
learns the elevated, negatively skewed crisis smile. The gate ARI against hard binary labels
is 0.003, reflecting the mismatch between a soft sigmoid output and a hard step function.
However, in the ablation study (section 4.5), the full_pinn gate ARI reaches 0.71 under
reduced-epoch training conditions, exceeding the ungated PCA-ARI of 0.65 and suggesting
that given sufficient training signal, the gate does organise its activations consistently with the
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true regime structure. We report both values transparently; neither undermines the primary
claim that the architectural gate provides interpretable, in-training regime decomposition.

We provide transparent reporting of both values. Neither value weakens the main
conclusion where the architectural gate creates in-training regime decomposition that is
interpretable.

4.3. Preliminary Market Validation on SPY Options

In order to evaluate the behavior of the framework in real market conditions on its own,
we apply it to a chain of SPDR S&P 500 ETF (SPY) call options. Eight near-term expiry
dates were selected and the SPY options were pooled with exclusion of contracts with a bid
price that is less than or equal to zero and with a trading volume of zero. Moneyness was set
to the range of K/So £0.80, 1.20]. The risk-free rate was set to r = 4.5% and the dividend
yield was set to g = 1.5%. An 80/20 stratified split by expiry was used for creating the
training and test datasets. This serves as an empirical study of the potential applicability
since there is no volatility surface to establish a true value, thus a quantitative RMSE is not
feasible and the findings should be understood with this caveat.

4.3.1. Pricing Accuracy

PriceNet has an R? value of 0.9911 on the held-out test set. The recovered o surface
over K/So [©.80, 1.20], t [8.04, 0.35 y] is shown in fig. 10. It is an economically sensible
distribution, with o elevated at low moneyness which reflects the leverage effect. The near-
term o decreases with maturity. The shape of the surface matches the empirical features of
the SPY smile. This surface shape is consistent with the standard empirical features of the
SPY smile.

The implied-volatility scatter (fig. 11) lies close to the 45° line for IV< 0.40 but
shows systematic underprediction at IV > 0.40, corresponding to deep out-of-the-money
puts. This underfitting reflects the known limitation of local volatility models, which
cannot simultaneously fit the near-ATM smile and the deep-OTM wings when those wings
are elevated by jump and skew risk premiums lying outside the scope of a pure diffusion
parameterisation. The IV RMSE on the test set is 0.1135, driven primarily by this deep-OTM
tail.
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4.3.2. Gate Behaviour on Real Data
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Figure 12: SPY application: gate curve g(t ) over time-to-expiry. The gate is approximately constant in
[0.33, 0.38]; no regime transition is visible in the near-term SPY term structure sampled. This is consistent
with stable market conditions over the sample period.

The gate g(t) (fig. 12) remains approximately constant in [0.33, 0.38] throughout the
near-term maturity range sampled. No visible regime transition is present. This is a null
result that we report honestly: the near-term SPY term structure in the sample period does
not exhibit the degree of volatility-regime separation that would drive the gate away from
a constant value. This behaviour is consistent with the relatively stable market conditions
during the data collection period and with the known fact that near-term SPY volatility is
more influenced by scheduled events (FOMC meetings, earnings announcements) than by
the slow macro-regime dynamics that characterise the synthetic two-regime surface. Longer
maturities and cross-asset samples are more likely to reveal gate transitions; this is identified
as a direction for future work.

The smile slices (fig. 13) exhibit the model’s ability to capture the ATM-to-OTM skew at
the four specified maturities. The observed undershoot at deep OTM strikes (K/So < 0.85)
IS consistent with the IV scatter analysis. Stable training with no modification of the
hyperparameters from the synthetic setting is confirmed by the convergence trace and expert
decomposition.

20



v 1=0.056y
0.8 1 t=0.143y
— 1=().246y
w—1=0.333y

Market IV
0.7 1 -

0.6

0.8 0.9 1.0 1.1 1.2

¥ IQa fmMnanaoymace)

Figure 13: SPY application: smile slices at four representative maturities. PINN smile (solid) overlaid on
market implied-volatility scatter. Skew shape and ATM level are well captured; deep-OTM underfitting
is visible at the leftmost strikes, consistent with the jump and skew risk premium limitation discussed in
section 5.4.

4.4. Robustness Against the Dupire Baseline

4.4.1. Experimental Design

A systematic two-dimensional robustness sweep characterises how each method degrades
under increasing data imperfection. The noise sweep holds data density at 100% and varies
€ € P.5%, 1.0%, 2.0% } The sparsity sweep holds & = 1.0% and varies the fraction of retained
observations in {10%, 25%, 50%, 1009 . Three random seeds are used per condition; all
PINN runs use 10,000 epochs. The ground truth and evaluation grid are identical to Block A.

4.4.2. Results

Table 2 presents the complete noise sparsity results. Figures 14 and 15 visualise the
RMSE profiles and the 10% sparsity surface reconstruction, respectively.

Across the noise sweep (100% data), the PINN RMSE grows roughly proportionally
with &, while the Dupire RMSE remains approximately constant near 1.5x 10-2 , the floor
imposed by the Gaussian smoothing regularisation. The PINN advantage therefore narrows
as noise increases, from 38.& at € = 0.5% to 5.2« at € = 2.0%. At all tested noise levels the
PINN error remains below 4x 10-3 , well within the practically acceptable reconstruction
tolerance for most pricing applications.

The sparsity dimension reveals a more striking asymmetry. At 100% data density the

two methods differ by 14.4< in RMSE; as density decreases to 10%, the Dupire RMSE
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Condition PINN RMSE PINN R?> Dupire RMSE Dupire R? Ratio (X)
Noise Sweep (100% data density)

€=0.5% (100%) 4.0X10-* + 3x10-5  0.9999 1.56x10-2 0.994 38.9%
€=1.0% (100%) 1.8x10-3 + 5x10-° 0.9996 1.51x10-2 0.997 14.4X%
€=2.0% (100%) 3.5X10-® +5x10“%  0.9964  1.58x10-2 0.994 5.2%
Sparsity Sweep (€ = 1.0%)

10% data 8.9%x10-3 + 2x10-3 0.970 4.27 X102 0.342 4.8X
25% data 4.1X10-3 + 6x10-* 0.994 1.70x10-2 0.896 4.2X
50% data 1.8X10-3 + 5X10-° 0.999 1.65x10-2 0.933 9.2X
100% data 1.8X10-3 £ 5X10-° 0.9996 1.51x10- 0.997 14.4X

Table 2: PINN versus Dupire: noise and sparsity sweep (section 4.4). PINN RMSE: mean; std over three
seeds. Dupire RMSE: mean (std smoothing-dominated). Ratio = Dupire RMSE / PINN RMSE. R? values
are means over three seeds.

Figure 9: Noise Robustness Figure 10: Sparsity Robustness
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Figure 14: Robustness benchmark (section 4.4). Left: 0-RMSE versus noise fraction at full data density.
Right: o-RMSE versus retained data fraction at e = 1.0%. PINN (solid) lies consistently below Dupire

(dashed) across all conditions. Error bars are +1 standard deviation over three seeds.
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Figure 15: Surface reconstruction at 10% data density (e = 1.0%). Left to right: ground truth otrue(t, S);

PINN reconstruction (RMSE = 8.9x 10-3, R? = 0.970); Dupire reconstruction (RMSE = 4.3x 102,
R? = 0.342); absolute Dupire error. The PINN preserves regime structure and correct amplitude; the Dupire
reconstruction exhibits banded interpolation artefacts and severe amplitude errors in the crisis regime.
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deteriorates by a factor of 2.8 and the Dupire R? collapses from 0.997 to 0.342. This collapse
is attributable to the second-derivative estimation in eq. (4): at 10% density, each maturity
is represented by only two to three strike observations, and the finite-difference estimator
of 92C/0k? is dominated by measurement noise. The PINN, by contrast, uses the PDE
as a global regulariser that does not require dense sampling and degrades to R? = 0.970 at
10% density , a 1.87 percentage-point loss against the 65.5 percentage-point loss suffered by
Dupire. There is tangible relevance to this result. Sparse quote grids, which can be less than
100% density, result from illiquid option markets, pre-open auction data, and market stress.

4.5. Ablation Study and Pareto Frontier
4.5.1. Ablation Study

Variant o-RMSE Price R? Cal-Viol Butt-Viol Gate ARl PCA ARI

full_pinn 0.00241 0.901 0.026 0.011 0.71 0.68
no_pde 0.00241 0.999 0.041 0.022 , 0.35
weak_pde 0.00241 0.954 0.029 0.014 0.74 0.62
pde_only 0.0609 < 1.0 0.024 0.010 , ,

ungated 0.00241 0.898 0.027 0.012 , 0.65

Table 3: Ablation results (section 4.5.1): € = 1.0%, seed = 42, 5,000 training epochs. Gate ARI defined only
for gated variants; , denotes undefined. Price R? is on the held-out 20% test set.

To isolate the contribution of each design choice, five training variants are defined
and evaluated at £ = 1.0%, seed = 42, with 5,000 training epochs: (a) full_pinn , the
complete proposed method; (b) no_pde , Apoe = O, PriceNet trained without the PDE
residual; (c) weak_pde , Appe reduced to 0.01, one hundred times below the nominal value;
(d) pde_only , Ldata = O, PriceNet trained on the PDE residual and terminal condition only,
with no price observations; and (e) ungated , GatedSigmaNet replaced by a single five-layer
MLP of equivalent total parameter count. Table 3 presents the results; fig. 16 shows the
corresponding bar charts.

Decoupling invariance. Table 3 demonstrates an invariance of c-RMSE to 0.00241 for the
four variants that implement the volatility regression loss (full_pinn, no_pde, weak_pde,
ungated). This is a structural property of the decoupled architecture. The PDE gradient
will not reach the volatility network under any Appe. This invariance is demonstrated in the
Pareto sweep of section 4.5.2, in which eleven values of Appe yield the same o-RMSE. The
flat dashed line on the top left of fig. 16 refers to this structural invariant.

Role of the PDE for pricing. The Price R? varies substantially across variants: it is highest
for no_pde (0.999), where PriceNet overfits training prices without physics regularisation;
decreases to 0.954 for weak_pde and 0.901 for full_pinn; and collapses below—1.0 for
pde_only, which has no data signal. The pattern confirms that the PDE residual acts
as a regulariser for the price network, trading a small amount of in-sample price fit for
improved no-arbitrage compliance, as measured by the lower calendar-spread violation rate
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Figure 12: Ablation Study Results (Block D1)
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Figure 16: Ablation study bar charts (section 4.5.1). Top-left: o-RMSE per variant; the dashed horizontal
line at 0.00241 marks the structural decoupling invariant. Top-right: Price R? per variant; pde_only collapses
below _1. Bottom-left: Calendar-spread violation rate. Bottom-right: Gate ARI (gated variants only) and
PCA ARI (all variants). The full_pinn gate ARI (0.71) exceeds the ungated PCA-ARI (0.65).

(0.026 for full_pinn versus 0.041 for no_pde). The pde_only result , RMSE = 0.061 and
Price R? < 1, demonstrates that the data term is essential: the PDE alone cannot constrain
the surface without observed price information.

Gate interpretability. The full _pinn gate ARI (0.71) exceeds the ungated-baseline PCA-ARI
(0.65), demonstrating that the architectural gate extracts regime information incrementally
beyond what a monolithic surface encodes. This establishes that GatedSigmaNet’s value lies
not in accuracy improvement , both gated and ungated variants achieve the same o-RMSE ,
but in providing in-training, human-readable expert decomposition of the volatility surface.
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Figure 13: Regime Detection Methods Comparison (Block D1)
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Figure 17: Gate ARI versus PCA ARI per ablation variant (section 4.5.1). The full_pinn gate ARI (0.71)
exceeds the ungated PCA-ARI (0.65), confirming that the architectural gate provides incremental regime
interpretability over post-hoc clustering of a monolithic surface.

4.5.2. Pareto Frontier of the PDE Weighting Coefficient

The PDE weighting coefficient Appe is often the most consequential and least principled
hyperparameter of an inverse PINN: too small and the PDE provides insufficient regularisation
for the price network; too large and the physics term overwhelms the data constraint,
degrading price fit. Table 4 and fig. 18 report the results of sweeping Arpoe Over eleven values
from 10-3 to 102 at the nominal training condition (e = 1.0%, seed = 42, 20,000 epochs).

Table 4: Pareto sweep (section 4.5.2): Price R?> and o-RMSE as functions of Appe across eleven values.
The 0-RMSE is structurally constant at 0.00241 across all tested values, providing an empirical proof of
decoupling.

AppE 1073 102 s5yx19 01 0.5 1 5 10 50 100

Price R 0.9999 0.9999 0.9998 0.9998 0.9999 0.9999 09999 0.9998  0.9998  0.9957
o-RMSE  0.00241 0.00241 0.00241 0.00241 0.00241 0.00241 0.00241 0.00241 0.00241 0.00241

Price R? versus Appe (fig. 18, left panel) shows a flat profile above 0.998, declining to 0.9957
at Appe = 100, at which the PDE residual is dominant. The right panel shows o-RMSE, a flat
profile at 0.00241 with zero standard deviation. The volatility recovery accuracy is invariant
to the PDE weight for the eleven tested values. This confirms the decoupling argument
of section 2.5. This has important practical implications. The practitioner may set Appe
within [10-% 10'] based on compliance with physics without concern for volatility accuracy.
In standard coupled PINNS, this choicerequires case-by-case tuning; in the GatedPINN
framework, the competition is eliminated by architectural design.
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Figure 14: Pareto Frontier — Physics-Accuracy Tradeoff (Block D2)
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Figure 18: Pareto frontier of Appe (section 4.5.2). Left: Price R? versus Appe (log scale) , flat above 0.998
across six orders of magnitude, declining to 0.9957 only at Apoe = 100. Right: o-RMSE versus Appe ,
exactly constant at 0.00241 across all eleven values, providing an empirical proof of structural decoupling.

5. Discussion

5.1. Decoupling as a Principled Design Choice

The decision to detach the volatility network from the PDE residual is sometimes presented
as a pragmatic workaround for numerical instability. We prefer a more principled framing.
The inverse problem (5) has two structurally distinct components: recovering the observable
surface C(t, S, K, T )—which is directly constrained by the PDE—and recovering the latent
surface o(t, S}—which is constrained only by the regression targets. These are different
objectives operating on different functional spaces; forcing them to share a single gradient
stream creates unnecessary competition and, as we have shown analytically and empirically,
a fourth-order gradient pathology.

Decoupling assigns each objective to its own optimiser and allows each to converge at its
natural rate, which happen to be very different: PriceNet converges on the data loss within
approximately 2,000 epochs; the curriculum then gradually admits the PDE constraint;
GatedSigmaNet converges on the regression targets nearly independently. This design
principle has an analogue in the split-Bregman and ADMM frameworks for constrained
optimisation [33, 34], where physically or structurally distinct sub-problems are solved
alternately with their own convergence criteria rather than being conflated into a single
unconstrained minimiser. The Pareto sweep (section 4.5.2) provides perhaps the cleanest
statement of the separation: the flat c-RMSE profile across five orders of magnitude of
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Arpe Mmakes the decoupling provably invariant to the one hyperparameter that governs the
physics—accuracy trade-off in the price network.

The second principal accomplishment of this work is the GatedSigmaNet architecture
itself. Representing local volatility as a time-gated mixture of two specialised expert networks
does not improve recovery accuracy over a monolithic network of equivalent capacity—both
achieve the same o-RMSE in the ablation study (section 4.5.1). What GatedSigmaNet
provides is in-training interpretability: the regime structure of the surface becomes legible
during training through the gate function and the two expert components, without any post-
hoc clustering, dimensionality reduction, or regime labelling step. The ablation confirms that
the full-model gate adjusted Rand index (0.71) exceeds the post-hoc PCA-based clustering
of a monolithic surface (0.65), demonstrating that the architectural gate captures regime
information incrementally beyond what is recoverable from the surface alone. This property
has direct operational value: a risk manager or calibration engineer can inspect the gate
curve and the two expert surfaces during training to verify that the model is decomposing
the surface in a financially sensible way, without waiting for a full training run to complete
and a separate post-hoc analysis to be performed.

The third principal accomplishment is the systematic robustness benchmark presented
in section 4.4. The financial calibration literature has lacked a controlled, measurement-
consistent head-to-head comparison between a PINN-based inverse calibrator and the Dupire
finite-difference method under jointly varying noise and data density. This benchmark’s
results illustrate where physics-informed regularization is advantageous. Regularization based
on Dupire’s smoothing is comparable with low noise and high data density, and where it is,
the PINN advantage is small. As data becomes sparse — the regime of greatest practical
interest, covering illiquid single-stock options, pre-open auction books, and stressed market
conditions — we observed an RMSE improvement of 4.8 to 38.9 over the full sweep, and
Dupire’s R? collapsed from 0.997 to 0.342 at 10% data density. These results suggest that,
in the cases where calibration quality matters most, physics-informed calibration should be
chosen.

5.2. Soft Gating and the Nature of Financial Regime Transitions

The gate ARI of 0.003 for hard binary regime labels requires cautious interpretation. It
indicates that the gate learned to assign mixing weights in a continuous manner and not
with a binary switch. The switching is not abrupt, and there are no step function transitions
in financial volatility regimes. The VIX, which is the primary indicator of equity market
volatility, transitions between calm and crisis states over weeks and months. A gate that
switches abruptly at a fixed calendar date would impose a discretisation that is not present in
the data-generating process; the hyperbolic-tangent transition width of 0.03 in the synthetic
data corresponds to a gradual three-to-four-day transition, and a soft gate is the appropriate
structural response to this design.

The value of GatedSigmaNet is not in classifying regimes but in decomposing the surface.
Expert A and Expert B capture qualitatively distinct smile shapes corresponding to the
two volatility regimes without any regime labels, any unsupervised post-processing, or any
explicit clustering step. The fact that post-hoc k-means on the recovered synthetic surface
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achieves ARI = 1.000 demonstrates that the surface itself encodes the regime information
completely. The comparison between the full_pinn gate ARI of 0.71 in the ablation and
0.003 in section 4.2.2 has not been fully reconciled. A likely mechanism is gate over-smoothing:
over 20,000 epochs the optimiser drives g(t) toward a monotone sigmoid that minimises the
Tikhonov penalty, resulting in low ARI against hard binary labels even when the recovered
surface achieves PCA-ARI = 1.000. Both values are reported transparently.

5.3. Practical Implications

Section 4.4 discusses the robustness of the results. Quote densities do not remain consistent
across strikes, expiries, or even when market conditions change. In index options, markets
are relatively liquid around the ATM; however, the wings may often have no quotes at all. In
equity options, quotes may be found for no more than five strikes for the entire duration of
the expiry. In times of heightened market stress, when the calibration of volatility surfaces
is of utmost importance, bid-ask spreads widen and data density diminishes. Under such
circumstances, a calibration method that achieves R?> = 0.97 at 10% data density retains a
significant advantage when compared to Dupire’s method, which achieves R? = 0.34 at the
same data density.

Practitioners can refer to the Pareto curve (fig. 18) for a principled working value for the
physics weight. The Price R? profile in the flat region (Arpe £10-2, 10]) indicates negligible
penalty on price fit, along with monotone improvement in no-arbitrage compliance. Setting
Arpe = 1 within this region is both theoretically clean and practically safe. The architecture
has rendered the search for the optimal weight irrelevant for volatility and of near-irrelevance
for pricing.

5.4. Limitations

Gate interpretability bounds.. The gate ARI in the standalone synthetic experiment is 0.003
against hard binary labels, a considerable drop from the value of 0.71 observed in the ablation
at reduced epoch count. This discrepancy has not been fully resolved and constitutes an open
problem. Practitioners seeking a hard regime indicator should perform post-hoc k-means on
the recovered surface (ARl = 1.000) rather than relying on the gate threshold.

Deep-OTM options on real data.. The SPY test set has an IV RMSE of 0.1135, driven
primarily by systematic underfitting at 1V > 0.40. This reflects the well-known limitation
of local volatility models, which cannot simultaneously fit the near-ATM smile and the
deep-OTM wings when those wings are elevated by jump risk premiums outside the scope
of a pure diffusion model. Extension to a stochastic-local volatility hybrid [35] or a PINN
formulation of the Heston PDE [36] is a natural next step.

At-the-money domain restriction.. All synthetic experiments use at-the-money options (K =
S) and a restricted spot range S 60, 140]. Extension to the full moneyness grid is
architecturally straightforward but alters the implied-volatility inversion step : far from the
money, Brent’s method applied to market prices can produce extreme or undefined implied
volatilities that contaminate the regression targets. Robust target construction for the full
moneyness grid requires additional care.
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Computational cost.. A full 20,000-epoch Block-A run requires approximately 2—3 hours on
a modern T4 GPU. Physics-informed operator networks [37] and meta-learning approaches
[38] are the most promising directions for reducing this cost. For context, the Dupire baseline
completes in under 10 seconds on the same hardware; the PINN is approximately 1,000x
slower but achieves substantially superior accuracy under sparse and noisy data conditions.

6. Conclusion

We have presented GatedPINN, a decoupled inverse Physics-Informed Neural Network
framework for local volatility surface calibration. Three design choices jointly distinguish it
from prior PINN approaches.

First, the price network and the volatility network are trained with independent optimis-
ers, with the volatility detached from the Black—Scholes PDE residual during price-network
training. This detachment severs a fourth-order gradient pathway through the call-price con-
vexity that renders joint training intractable, and has a structural consequence: the volatility
RMSE is provably invariant to the PDE weighting coefficient, removing the framework’s
most consequential hyperparameter from the calibration workflow.

Second, the local volatility is represented as a continuous mixture of two expert networks
blended by a scalar, time-dependent gate. The gate provides in-training architectural
decomposition of the volatility surface into two expert components without requiring post-
hoc clustering. The experts specialise interpretably to distinct volatility regimes; post-
hoc k-means on the recovered synthetic surface recovers the true regime structure with
ARI = 1.000.

Third, a systematic head-to-head benchmark against the Dupire finite-difference baseline
demonstrates 4.8 x-38.9 xlower RMSE across the noise and sparsity sweeps. The most
practically significant result is at 10% data density, where Dupire degrades to R? = 0.34
and the PINN retains R?> = 0.97, demonstrating that physics-informed regularisation is a
viable substitute for data density in sparse market conditions. These results suggest that
the combination of decoupled training and architectural regime decomposition is a robust
and interpretable approach to the inverse calibration problem. Natural extensions include:
(i) replacing the local-volatility Black—Scholes PDE with a stochastic-local volatility or Heston
PDE to address deep-OTM fit; (ii) integrating Bayesian PINNs [39] to provide posterior
credible intervals on the recovered surface; and (iii) applying physics-informed operator
networks [37] to achieve real-time recalibration. We hope the framework and its transparent
evaluation , including honest reporting of the gate ARI discrepancy and the deep-OTM
limitation , will serve as a useful reference point for these future developments.
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Appendix A. Hyperparameter Settings

Table A.5 provides the complete hyperparameter settings for all experiments. Settings
marked with an asterisk () are swept in the corresponding experimental block.

Table A.5: Complete hyperparameter settings. Settings marked * are swept in the corresponding block.

Hyperparameter Value
PriceNet: hidden layersyx width 5 % 128, tanh activation
PriceNet: RFF features / bandwidth 24 /0.3
PriceNet: learning rate (initial — final) 10-3 _, 10-° (cosine annealing)
PriceNet: gradient clip norm 1.0
GatedSigmaNet: expert layers x width 5 x« 128, tanh activation
GatedSigmaNet: gate layers x width 2 % 32, sigmoid output
GatedSigmaNet: output clamp [Omin, Omax] [0.05, 0.40]
GatedSigmaNet: output bias initialisation log(exp(0.15) —1) ~ —1.821
GatedSigmaNet: learning rate (initial —final) 3y 103 _, 3 % 10> (cosine annealing)
GatedSigmaNet: gradient clip norm 0.5
Aterm (terminal loss weight) 5.0

poe (PDE loss weight) 1.0 (nominal); swept in section 4.5.2"
Asmooth (SMoothness weight) 10-°
PDE curriculum warm-up epochs 8,000
Total epochs: Blocks A/B 20,000
Total epochs: Block C (robustness) 10,000
Total epochs: Block D (ablation) 5,000
Batch size: data / PDE collocation 256 /1,024
Optimiser (both networks) Adam with cosine annealing
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Achieves volatility R? of 0.97 at 10% data density vs. Dupire baseline's 0.342

RMSE reduced 4.8x to 38.9x over Dupire finite-difference baseline across conditions
Volatility RMSE confirmed A-invariant across five orders of PDE weighting magnitude
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